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I. INTRODUCTION

During 1975 and 1976, Koch and Diehl (66) and Koch et al.
(68) reported the results of high-precision, coulometric
titrations of highly purified 4-aminopyridine, results which
enabled them to calculate a new value for the faraday, the
fundamental constant interrelating chemistry and electricity.
Somewhat earlier, physicists (28) had rejected the then
current value for the faraday, a value obtained by Craig,

£

Hoffman, Law and Hamer (31) at the National Bureau of
Standards by the anodic dissolution of silver, in favor of a
value calculated from other physical data. The Craig experi-
mental value was presumably "subject to some serious error".
The new value of Diehl and co-workers (see table on next
rage) was identical to that of Craig as successively recalcu-
lated (41) for the change in the basis of the atomic weight
scale, for two changes in the definition of the volt, for a
determination of the isotope ratio of the silver used by
Craig, and for a more generous statistical treatment of his
data than was gilven by Craig. The experimental, electro-
chemical value of Craig and of Diehl was reinstated by the
physicists (97) but there remains a discrepancy of 20 parts
per million (p.p.m.) between the experimental and the calcu-
lated values, disturbing because the discrepancy 1s some five

fimes the uncertainty estimated for the experimental value

and ten times that estimated for the calculated value.



Table I-1l. Recent values for the faraday

F Worker., Location.
1972 NBS coulombs Year. Method.
per g.-eg.-wt.
(Uncertainty)a

96,486.72 Craig, Hoffman, Law and Hamer (31).
(6 = 6.8 p.p.m.) NBS. 1960. Anodic dissolution of
silver, as recalculated (41).

96,486.57 Koch and Diehl (66), Xoch et al. (68).
owa State University. 1975, 1976.

(6 = 4.9 p.p.m.) I
Titration of U-aminopyridine.

96,484.56 Cohen and Taylor (28). NBS. 1973.
(o0 = 2.8 p.p.m.) Calculation involving least squares
treatment of other physical data.

@Combined random and systematic uncertainties expressed
as the standard deviation of the mean, the systematic
uncertainties being estimated at the 70 per cent confidence
level.

The Craig-Diehl value for the faraday i1s two orders of
magnitude better than the accuracy and precision character-
istic of essentially &all chemical work, industrial, clinical
and academic; chemists could hardly care less about resolving
the discrepancy just mentioned. However, the physicists
report that a backlog of experimental and theoretical work
has accumulated because a high-precision value for the

faraday is lacking. Moreover, they have undertaken (97) an



eXxhaustive re-examination of the various experimental
measurements used in arriving at their value. The source of
the discrepancy, though, may lie iIn the chemical work. If
so, however, the fault is something common to the
electrolysis of agueous solutions involving such diverse
reactions as the anodic dissolution of silver, the anodic
generation of hydrogen ion, and the cathodic generation of
hydroxyl ion. Because the calculated value is smaller than
the direct, electrochemical value, i1t appears as if a very
small portion of the electricity passing through the electro-
chemical cell does so without effecting a chemical change at
the electrodes. During the work on the faraday at Iowa State
University, unexplained phenomena having to do principally
with the change in pH through the equivalence-point region
had been observed which accorded with some astonishing
results of electrolysis experiments repcrted by the Indian
chemist Palit (76-82); together these observations call into
question the assumptlion that 100.0000 per cent current
efficlency in electrolysis 1s or can be obtained. Passing
from water as the solvent for the coulometric titration to
& nonaquecus solvent also promised to shed light on the
problem.

The apparently genuine need of the physicists and the
intriguing character of the problem brought on a renewed

effort at Iowa State University to extend the earlier work



on the faraday. Inasmuch as the physicists were asking that
the uncertainty be reduced to less than 1 p.p.m., a necessary
prelude to any such effort was a re-examination of the
uncertainties in the various measurements involved in the
determination just completed followed by steps to reduce each
to less than 1 p.p.m. These uncertainties were treated in
detall in ﬁhe original work (reference 66, page 511) and were
discussed by Professor Diehl in a lecture given in
Indianapolis on October 4, 1978, and published in 4nalytical
Chemistry (33) in March of 1979, In this paper, he revieus
the work published in 1975-1976 and tells about the various
steps which have been taken to reduce the uncertainty in the
measurements of current, potential, time, purity, molecular
weight and mass, and the design of a titration cell. The
present dissertation is devoted to one phase of this more
general problem, namely the high-precision measurement cf
mass.

In the review paper just mentioned, Professor Diehl
states that in his opinion the greatest error in the current
values for the faraday is the measurement of mass; he
belleves that mass has never been measured more accurately
than 10 p.p.m. This opinion was derived from extended and
thorough examination of the various factors involved: the
correction for the buoyancy of air during a weighing and the

concomitant measurements of barometric pressure, temperature,



relative humidity, and the densities of object and weights
which are entailed, and the calibration of welghts. In his
own experience, the problem of calibration had been
exacerbated by mistaken and unfortunate calibrations of his
weights at the National Bureau of Standards. These and other
considerations raised doubt in his mind about the quality of
the dissemination of mass from the prototype kilogram to the
working one- and two-gram weights used iIn the chemical work
on the faraday.

One of the overall objectives of the physics of this
century is to place each of the fundamental units of measure-
ment on a natural, or "absolute", basis so that no arbitrary
character is involved and reproduction of a given unit can
be achieved independently by anyone anywhere with sufficient
effort. Admirable success was achleved early in this
century in referring the unit of length to a particular line
of an easily obtained spectrum; currently the basis of
length is the orange line in the spectrum of kryptron,
although by proposals now under consideration, this basis
may soon be shifted to the distance light travels in one
second. Success in placing the ampere on an absolute basis,
after a long and frustrating period extending back to 1885,
was achieved in 1948, and during the early 1970's the
international ampere was officlally shifted to the absolute

standard. Shortly thereafter, the international ohm and the



international volt were shifted to absolute standards.
Similar success has not been achieved with the measurements
of temperature and mass.

& possible way to place mass on an absolute basis
occurred to Professor Diehl during the course of the faraday
work at Iowa State University. The concept is to use as the
fundamental natural standard of mass the silicon-28 atom.
This idea emerged following his study of the publication in
1974 of a new determination of the Avogadro constant by nine
scientists (32) at the National Bureau of Standards, work
which involved in a very fundamental way highly-purifiled,
elemental silicon. Professor Diehl went so far as to prepare
a set of weights of elemental silicon and to attempt the
calibration. The work was defeated by the highly-hygroscopic
character of the surface of elemental silicon. The attempt
was never publicized; the set of weights languishes in the
laboratory at Iowa State University, and although Professor
Diehl has had several ideas for rendering the surface of the
silicon nonabsorbent, the work has not been pressed further.
This aborted effort, however, 1s having direct consequences
on the concept and usage of weights currently employed for
high-precision work as will be detailed later in this
dissertation.

Establishing an experimental value for the faraday

presents the chemist with an unusual demand not faced by



earlier chemists dealing with high-precision analyses, that
is, with the determination of atomic weight or the establish-
ment of a primary standard. Mass must be measured in
absolute terms. In the old atomic weight work, it was
sufficient that a set of weights be calibrated so as to be
internally consistent inasmuch as the work was all relative.
In the faraday work, on the other hand, the weights used must
be in terms of absolute mass and "traceable" to the
International Xilogram so that the value obtained for the
faraday will be on the same basis as other fundamental
standards. At the p.p.m. level it is this "tracing” or
"dissemination" to, or from, the International Kilogram which
requires critical examination at every point and is the
subject of the latter part of this dissertation.

A major consideration in the determination of mass is
the buoyant effect of the air displaced by the object being
weighed and by the weights. The correction is applied using

the eguation

T, = W, L0 - (@,/80)/ (1 = (a,/a,))] (1-1)

from a knowiedge of the densities of the object.(do), the

weights (dw), and the air (da), TO being the mass (mass in
vacuum) of the object and wo,a the sum of the weights when
the object is weighed in air. Three densities are involved

in a specific application of this formula., Nothing appears

easier than a determination of the density of a solid, one



or the other of the two Archimedes methods being called into
prlay and use made of modern tables of the density of water
as a function of ftemperature. Yet few measurements lead to
such discordant and baffling results. Some of the problems
and what has been done about them are described in Chapter
II, below. The density of air, of course, varies with
locality and with changing climatic conditions., I dealt
with this problem in my thesis for the degree of Master of
Science (38) and I continue with it in the present
dissertation, Chapters III through IX. In my Master of
Science thesis, there 1is provided a general introduction to
the problem of making hydrostatic weighings and corrections
for buoyancy and there are discussed certain other important
aspects of the problem of measuring mass; because I will
draw on 1t heavily, I have for convenience reproduced the
Table of Contents of the thesis here, Figure I-1. In my
thesls I report an investigation of certain aspects of the
problem of correcting a determination of mass made by the
weighing of an object in air for the buoyancy of the air on
the object and on the weights; the ultimate goal of the work
was to enable the determination of mass to be made with an
uncertainty of less than 1 part per 1,000,000. As will be
seen from the Table of Contents, Figure I-1, a convenient
symbolism was therein offered for handling the theoretical

aspects of the problem and the calculations involved.



Figure I-1. Table of contents of the Master of Science
thesis of J. S. Gibson, "Devices for the

Rapid Determination of the Density of Air"
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Particular attention was focused on the problems of
measuring the density of air. There was reported a re-
investigation of the so-called Baxter ‘s globe, a hollow
glass vessel, from the weighing of which in air the density
of the air can be calculated, thus obviating measurement of
the prevailing temperature, barometric pressure and
humidity, and an involved calculation.

In the course of the present work I have devised an
absolute density cylinder with which I have shown that the
density of air cannot be calculated with accuracy from the
barometric pressure, temperature and relative humidity
prevailing in laboratories in which people are working.
This is in direct support of certain claims of Pontius (86)
of the National Bureau of Standards although his c¢laim that
the discrepancies observed result from the failure of moist
air to conform to the gas laws 1s probably incorrect. In
the course of fabricating this c¢ylinder, which is really a
logical extension of the Baxter's globe treated in my
Master of Science thesis, it was necessary to invent two
other devices, most notably a vacuum weighing bottle. This
device, described in Chapter VII, proved useful also in the
proposed re-examination of the dissemination of the kilogram
(high-precision subdivision down to the gram).

One feature of the operation of weighing as it has been

conducted in the past, is that water and other gases adsorbed
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on the surface or absorbed into the hody of the weight has
been completely ignored. Not only do the relative amounts
of these gases increase with increase in the surface area
relative to the mass on passing to smaller weights, but the
amounts of such gases change with changes in barometric
pressure, temperature, and composition of the surrounding
gas. The latter i1s shown directly by experiment but is., of
course, common experlence: the "wetness® of the suffaces of
solids 1s greatly affected by the prevailing conditions;
witness also the connotations of such English words as
‘clammy, damp, and moist. In Chapter X, I deal with this
subject and have shown now, by coating a weight suitably,
adsorbed gases can be removed from a surface to a mild
vacuum by placing the object in the vacuum weighing bottle
and the true mass thus obtained.

The boldest propossl of this dissertation is that the
prototype kilogram, the so-called International Kilogram,
be replaced by a mass of stainless sﬁeel, properly surface-
treated, and weighed in an actual vacuum. The rationale for
this 1is discussed in Chapter X and a beginning on the
experimental work of fabricating such a weight and the
weights necessary to effect its dissemination is reported in
Chapters X and XI. A suitable stainless steel has been
selected, machines for the fabricating of the weights have

been perfected, a novel sequence for the various weights
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which permits numerous cross checking during the calibration
has been adopted, and fabrication and calibration have been

started.
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II. MEASURING THE DENSITY OF A SOLID.

THE DENSITY OF 4-AMINOPYRIDINE
A. Measuring the Density of a Solid

The concept of density originated still earlier, but
the hydrostatic methods of measuring density go back to
Archimedes (287-212 B.C.). It is not entirely clear whether
Archimedes solved the problem of the adulteration with
silver of the gold wreath by direct (hydrostatic) weighing
or by the displacement (pycnometer) method, although the
mathematics for handling both are given clearly in his
On Floating Bodies, Book One (35,46); Heath (46) believes
the evidence favors the weighing method.

The concept and measurement of density has played a
long and important role in the development and practice of
science and technology and even today a greater volume and
value of industrial chemical i1s sold on the basis of specific
gravity than on any other method of analysis. The measure-
ment of density appears straightforward and simple but for
anything much betfter than one part in 100 this simplicity is
deceptive and a more accurate value difficult to obtain.

In the determination of the density of a single-bodied,
irregular solid by hydrostatic weighing, the problem of
suspending the solid can usually be solved satisfactorily by

a2 suitable choice of suspension cord and by care to eliminate



all obvious bubbles on the surfaces and at the contacts of
cord and object. In my experience, the best suspension cord
is Nylon monofilament fish line, for which the surface
tension effect at the interface and the creepage of liquid
are minimal. Not so easy to eliminate is the film of gas
adhering to the surface of the solid objzct. This problem,
together with other objections to the use of water, led
Bowman, Schoonover and Carroll (8) to recommend that a solid
be used as the standard of density and that water be
replaced by another liquid as the “transfer ligquid". As the
solld for the density standard, they selected elemental
silicon which they worked neatly into a redetermination (32)
of the Avogadro constant. As the transfer liquid, they
found the ideal 1liquid in the completely fluorinated hydro-
carbon, ¥C-75, a liguid having the extraordinary property of
dissolving‘large amounts of oxygen and nitrogen. Using this
remarkable liquid as a transfer liquid in a hydrostatic
weighing (the term is retained for lack of a better term not
implying the use of water), gases on the surface of the
solid are dissolved away and, as evidenced by the Avogadro
constant work, reproduclbility and accuracy to the p.p.m.
level made possible,.

In the present dissertation, the problem of measuring
the density of single-body, irregular solids has arisen at

several points and preparations were made to perform
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hydrostatic weighings using FC-75. In the early part of the
work, that with the absolute density cylinder, the density
needed was calculated from actual weight in vacuum (vacuumn
weighing bottle) and a volume calculated from accurate
measurements of the external dimensions of the object. For
the preliminary work on the weights of stalinless steel
described in the later chapters of this dissertation, values
obtained using water as the transfer liquid were sufficiently
satisfactory. Before this set of weights, when completed,
however, can be calibrated reliably to the l-p.p.m. level,
an accurate determination of the density of each individual
welght must be made using FC-75 as the transfer liquid.

This last statement may seem surprising inasmuch as the
weights are being fabricated from the same stainless steel
alloy. Some six different heats of the alloy are being used,
however, and the densities (two measurements on each heat)
vary from 8.089,8 g./cm.3 to 8.114,0 g./cm.3; see Table X-1.
Dr. David Peterson, Professor of Material Sclence and
Engineering, Iowa State University, was not surprised at
this finding and he stated that in his experience,
reproducibility in the density of the same piece of alloy
was seldom obtained, variations of several parts in 1,000
being common. The causes of these variations he thought
were microinclusions and variations in composition with

position produced by inhomogenliety in the melt and produced
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by selective crystallization during freezing. Nor in his
experience was agreement ever obtained between values

obtained by direct measurement and from X-ray diffraction

data.

B. Density of L-Aminopyridine

Because of the central role of L-aminopyridine in the
recent determination of a value for the faraday (66,68), the
density of this substance is a matter of significance; an
accurate value for the density must be known to enable the
calculation of the correction for the buoyancy of air during
a weighing.

In the course of my thesis for the degree Master of
Science (reference 38, page 8), I evaluated the partial
derivative of the correction for the buoyancy of air with
respect to the density of the object being weighed

d,. -d -d 7
3(BC) _ W aj{_ ° + L (II-1)
3(d_) 0,a { ol (do"da>2 (do-—da)J

and evaluated it for 4-aminopyridine in air of density

0.001,15 g./cm.> and weights of density 7.89 g./cm.>:

3(BC) _ _ {dw“daJ[- “Yyap
a(dqap) bap,a dw (daap"da)2

1
+ = -0.000,716 ml1. (II-2)
(mmp"daJ ’
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That is, a quantity of 4-aminopyridine indicated by the sum
of the weilghts required during a weighing to be 1.000,000 g.
has a mass of 1.000,761 g. If the permissible error in the

correction is 1 p.p.m., the uncertainty in the density of

the 4d-aminopyridine must be less than

) _ 3
by, = 0.001,398 g./cm.

To date, a value this good has not been obtained
although a number of measurements of varying sophistication
have been made, Table II-1.

The value last used in a reported result for the faraday
is the 1.2682 g./cm.> value of Diehl and Koch. This value
was obtalined by applying a vacuum to the pycnometer when
filled with just sufficient xylene to cover the
L-aminopyridine with the idea of pulling off the air trapped
in the bundles of the lath-like crystals of the
Loaminopyridine (as obtained by sublimation). Later, Koch
was not able to reproduce this result and application of a
vacuum before introducing the xylene and after gave results
from 1.2631 g./cm.3 to 1.2665 g./cm.3 On continued appli-~
cation of the vacuum, a stream of bubbles continued to be
evolved, although slowly; a puzzling business.

The source of these troubles in measuring the density
of b-aminopyridine was uncovered during a microscopic

examination of the material by Professor Donald L. Biggs of
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Table II-1. Density of Ud-aminopyridine

Value Method. Author. Date. Comment.
g./cm.3
1.2695 Pycnometer using mineral oil.

W. C. Hoyle (54). 1973. This value
used in the main faraday paper (68).

1.2682 Pycnometer using xylene and vacuum.
W. F. Koch (68). 1975. This value
used in the additional results

paper (66).
1.2631 Pycnometer using xylene and vacuum.
to W. F. Koch at the National Bureau of
1.2665 Standards. 1976. Unpublished work.
1.25 Flotation. Brown and Zabsky (14).
1963.
1.27 Calculated from preliminary X-ray
diffraction data. Brown and Zabsky
(14). 1963.
1.2636 Flotation in solutions of sodium

perchlorate; value very uncertain.
H. Diehl and J. C. Clardy (27). 1975.

1.2710 Calculated from precision X-ray
diffraction data. J. C. Clardy (27).
1975. The outer limits of uncertalnty
are 1.2702 g./cm.” and 1.2718 g./cm. 3.

a’I‘he xylene was previously saturated with
L-aminopyridine, the pycnometer was filled only partially and
a vacuum was applied to the xylene-U-aminopyridine mixture to
remove bubbles before final filling

bSame as a but the vacuum was applied before the xylene
was introduced and afterward. See text for comment on the
phenomena observed.

CFlotation in solutions of sodium perchlorate of
slightly varying density. Results very uncertain; as the
density for the liguid and crystal became closer, some
crystals fell and some rose.
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the Department of Earth Sciences, Iowa State University.

The long, needle-like crystals of L4-aminopyridine obtained
by sublimation have long cavities in the form of tubes, some
running the entire length of the crystals, Figures II-1 and
IT-2. Usually one end and frequently both ends appear open.
These cavities are undoubtedly the source of the slow
continual stream of bubbles observed by Diehl and Koch and
of the wide variliation in the values obtained for the
density.

Values for the densivy of crystals obtained from X-ray
diffraction data are invariably much higher than those
obtained by hydrostatic weighing and Professor Biggs, as
well as Professor J. C. Clardy of the Department of
Chemistry, Iowa State University, and Professor D. Peterson
of the Department of Materials Science and Engineering of
Iowa State University, authorities on the crystal structure
of 1norganic, organic, and metallurgical materials,
respectively, expressed no surprise at the discordant values
reported for 4-aminopyridine in Table II-1.

As of this writing (June 1979), it is not clear which
value for the density should be used in making the correction
for the buoyant force of air during a weighing of
b-aminopyridine; probably none would really reflect the
prevailing or effective density at the time of weighing. It

would seem that the only way thils problem can be solved 1is



Figure II-1.
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Tubular cavities in 4-aminopyridine prepared
by sublimation. Magnification: 100X.
Photomicrograph taken by Professor

Donald L. Biggs
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Figure II-2. Tubular cavities in 4-aminopyridine prepared
by sublimation. Magnification: 100X.
Photomicrograph taken by Professor
Donald L. Biggs
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to melt the l4-aminopyridine, then to solidify it into a
single mass which can then be crushed, and this material,
presumably free from the tubular voids, used for the high-
precision coulometric titrations and for a measurement of
density. The high volatility of 4-aminopyridine at the
melting point probably will make it necessary to effect

the fusion under mild gas pressure, and of course, an inert

gas should be used.
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IITI. MEASURING THE DENSITY OF AIR
A. Introduction

Of the corrections which are applied in the precise
determination of mass, that which looms largest, particularly
for objects of low density, 1s for the buoyancy of air on the
object being weighed and on the weights. Given the densities
of the object (do), weights (dw), and air (da), the mass of
the object (mass in vacuum, TO) is obtalned from the sum of

the weights (Wo ) by
>

a

T, = wo,a (1-(d,7d,))/(1-(d,/d,)) (I1I-1)

This correction is discussed in the texts on analytical
chemistry, see for example Diehl (ref. 34, page 37) for a
somewhat simplified version of equation (III-1). The
correction 1s treated in detail and the derivation of
equation (III-1) is given in my thesis for the degree Master
of Science (38), a thesis in which the groundwork is laid

for the definitive treatment necessary to make the correction
with such accuracy that the measurement of mass may be
reliable to one part per million (1 p.p.m.). The very recent
papers (19,20,61,102) which have appeared on the subject of
the correction for the buoyancy of air deal with the trivial
variation in applying it when the measurement of mass is made

with the single-pan balance. In the present chapter, I deal
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with the general problems and with preliminary experiences
with the determination of the density of air.

Rearrangement of equation (III-1) yields the correction
(BC) for the buoyancy of air, equation (III-2), of more
direct applicability in evaluating the accuracy necessary in

the measurement of the density of air:

dy
. toa
BC = To - Wo’a = WO,a - 3 -1 (IT1I-2)
-2
L S

The partial derivative of the correction with respect to the

density of air is

W4 a. -d 1

3(BC) _ "o,a’o W a

3(d,) — dy [.(d a2 (a_ -4 ] (111-3)
O a O a

Equation (III-3) may be used to calculate the permissible
uncertainty in the density of air for a given uncertainty in
the correction for buoyancy. This has been done for four
common substances, Table III-1, for a weighing of

1.000,000 g. of material with an accuracy of 1 p.p.m., using

3, and a typical

stainless steel weights, dw = 7.89 g./cm.
density of air, d, = 0.001,150 g./cm.>. Clearly. the
density of air must be known to one part per thousand

(1 p.p.t.) or better if weighings are to be good to 1 p.p.m.
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Table III-1. Uncertainty permissible in the density of air
for an uncertalinty of one part per million in
tne correction for the buoyancy of air in the
weighing of one gram of material

Substance Density of 3(BC) A(da)
(Use or reference) Substance atda: Parts
3 3 3 BT
g./cm. cm. mg./cm. 10,000
Water
(Calibration of
volumetric
glassware) : 1.000,000 0.875,3 0.001,14 9.9
L-Aminopyridine
(Ref's. 66,63) 1.268,2 0.663,0 0.001,51 13.1
Metallic Silver
(Ref. 31) 10.500,0 ~0.031,51 -0.031.,7 -276
Platinum-iridium alloy
(Mass transfer from
standard kilogram
to stainless steel
kilogram working
standards) 21.55 -0.080,3 -0.012,4 -108

Traditionally, the density of air has been calculated
from the barometric pressure, temperature, and relative
humidity using an equation such as (III-4) which is based on
the ideal gas law and the law of additivity of partial

pressures:
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o.001,292,3[Pbp -0.378,02 PH2O:t(Rel. Hum./100)]

a (1+(0.003,660,99)(t))(760.0)

(IIT-4)

In this equation, Pbp is the barometric pressure in mm. Hg,

and P » the vapor pressure of water at temperature t in

H50,t
°C, 1is multipliéd by the relative humidity expressed as a
fraction. A derivation of this equation appears in my M.S.
thesis (Ref. 38, pp. 14-17). Various numerical quantities
enter into the derivation of this equation: the molecular
weight of air, 28.964,5 g./mole; the molecular weight of
water, 18.015,34 g./mole; and the gas constant, 82.056,8
cm.3-atm./mole'°K. More elaborate equations have been
derived which include additional corrections such as the
compressibility factor (59).

To obviate the need for measuring the barometric
pressure, temperature, and relative humidity each time a
weighing was made, Baxter (3) employed a sealed glass globe,
determined its exterior volume, and determined its weight in
air of known density. These quantities enabled him at a
later date to obtain the density of air from a single
weighing of the globe. A Baxter's globe, weighing approxi-
mately 27.2 g. and having a volume and density of 118.3 cm.3
and 0.23 g./cm.B, respectively, was used by Diehl and co-

workers in their work on primary standards and the value of

the faraday (66,68).
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On several occasions since the Baxter's globe was
described, sealed, hollow vessels have been used to determine
the density of air; by Ulbricht (10Q) who used a light bulb
(42 g., 190 cm.3, 0.22 g./cm.3); by Bowman et al. (9)
who used hollow and so0lid weights of stainless steel
(differgnce in weight only stated, 35.466 mg., 42.7 cm.3);
by Brulmans and Eschbach (18) who used an aluminum can filled
with helium (23.1 g., 69.4 cm.3, 0.33 g./cm.3) and a counter-
poise of stainless steel; and by Toropin and Snegov (99) who
used a sealed globe of molybdenum glass (72.5 g., 556 cm.3,
0.15 g./cm.3) and a counterpoise in the form of a cylindrical
tube made of the same glass, The external volume of each of
these devices was determined by hydrostatic weighing, with
corrections presumably being made for the tuoyant effect of
alr on the weights used. The mass in vacuum of three of the
devices, those of Baxter, Ulbricht, and Brulmans and
Eschbach, was determined by welghing in ailr and making the
correction for buoyancy using the density of air calculated
from the prevailing conditions. It has been stated, private
communication only, that the mass in vacuum of the hollow
vessel of Bowman and Schoonover was determined by weighing
in an actual vacuum using a commerclal apparatus; measurement
of mass in an actual vacuum, in an absolute way rather than

relative or changes in mass, is extremely difficult and it

is likely that the private communication just referred to is
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in error. The mass in vacuum of the glass globe of Toropin
and Snegov was in effect obtained by weighing the two
objects of the same glass of approximately egual mass in air
then sealing one in the form of a globe, presumably without
losing any glass. The difference in mass of the two glass
objects was in terms of weights of brass or of stainless
steel without correction for buoyancy and was taken as mass
in vacuum on the assumption that, because of the way the
devices were made, an error was suffered just about equal to
the error in the weighings made.

These devices yield values for the density of air
agreeing with values calculated from the prevailing
conditions to about one part per thousand or slightly better.
The precision of this "tracking" indicates that for relative
changes in the density of air over the range in which
barometric pressure. temperature, and relative humidity vary
in any one laboratory, a formula such as equation (III-4)
does describe the behavior of moist air. None c¢f these
devices, however, provides a check on the cénformity of
moist air to the gas laws in the absolute sense of yielding
an independent value for the density inasmuch as the
equation itself was used in determining the characteristics
of the device. That moist air conforms to the gas laws has

been gquestioned by Pontius (86).
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In January 1976, work was begun at Iowa State University
to make and callbrate stainless steel cylinders to be used as
Baxter's globes for the determination of the density of air.
The material and the cylindrical shape were chosen to
(1) improve the sensitivity by reducing weight and density,
(2) obviate electrostatic effects by passing from glass to
metal, (3) reduce the mass to less than 20 g. so that
weighing could be performed on a modern, single-pan micro-
balance, and (4) determine the physical characteristics in
such a manner as not to involve a prior knowledge of the
density of air (as obtained by calculation using a formula
involving the gas laws such as eguation (III-4)). The last
of these objectives was prompted by the paper of Pontius
(86).

In my M.S. thesis (38), I described the fabrication and
calibration of a hollow cylinder of stainless steel formed
by the electron-beam welding of "re-entrant" caps into the
ends of thin-walled, stainless steel tubing. Three such
cylinders were made, each having about the dimensions:

15.2 g., 37.9 cm.3, and 0.4 g./cm.3. The interior of these
cylinders was evacuated owing to the welding technique used.
These cylinders met the first three of the objectives listed
above. The nature of the re-entrant caps which formed the
ends of the cylinders precluded obtaining the exterior volume

of the c¢cylinders by measurement of the external dimensions.



It was necessary, therefore, to determine the volume of the
cylinders by hydrostatic weighing and to calculate the mass
(in vacuum) of the cylinder from the volume and a weighing
in air of known density. These cylinders were used in a
series of determinations of the density of air, the weight
of a solid stainless steel counterwelght being obtained at
the same time. The values obtained agreed with the values
calculated from the prevailing conditions to about 1 p.p.t.
Again, these re-entrant-cap cylinders did not provide a check
on the claim of Pontius that moist air does not conform to
the gas laws inasmuch as the cylinders were calibrated using
alr of known density.

Of the various regular solids for which the exterior
volume can be calculated from the dimensions, the right
cylinder is the only one which can be constructed with
precilsely true configurations as a thin-walled shell of
minimum weight. A right cylinder meeting all four objectives
outlined above was made possible in April 1976 when Dr. Diehl
proposed a method of sealing flat faces onfto stainless steel
tubing. Fabrication of such a cylinder, referred to as an
absolute density cylinder, was begun in late April of 1976.
The fabrication and calibration of the absolute cylinder are
described in detaill in Chapter VI of this dissertation and
the use of the absolute density cylinder for the determi-

nation of the density of alr is the subject of Chapter VIII.
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The problem of obtaining directly the mass in vacuum of this
hollow cylinder was solved in April 1976 by the invention of
a metal weighing bottle. The weighing bottle consisted of a
chamber which could be evacuated, which was large enough to
accommodate the hollow cylinder, but which was light enough
that it, together with the hollow cylinder, could be weighed
on a modern, single-pan semimicrobalance (capacity 160 g.,
sensitivity 10 ug.). The construction of the weighing bottle
and its use to determine directly mass in vacuum is described
in detail in Chapter VII.

Thus, as early as late May 1976, the various devices
necessary to determine the density of air and to check the
conformity of moist alr to the gas laws were on hand at
Iowa State University. Work began at that time to check the
claim made by Pontius under improved conditions in the
laboratory. In the remelinder of this chapter and in
Chapter IV are described why and how certain improvements
were made in the laboratory to facilitate a precise check

on the conformity of moist air to the gas laws.

B. Relative Effects of the Prevailing

Conditions on the Density of Air

Partial differentiation of equation (III-4) with respect
to barometric pressure, temperature, vapor pressure of water,

and relative humidity, respectively, gives:
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ldy) 0.001,292,3 (11
3(P,5) _ (1 % (0.003,660,89)(%))(760.0) =5)
3(d,) —(0.001,292,3)[Pbp-1.051,78(PH20)(Re1. Hum./100) ]
3(t) '
8{e) (1 + (0-003,660599)(t)(760‘0)32

(III-6)
2(dy) _(0.000,488,51)(Rel. Eum./100) (ITI-7)
307, o) _ (L + (0.003,660,99)(€))(760.0) =T

2
. -(0.000,004,885,1)(P,, ~)

3(d,) H,0

(ITI-8)

3(Rel. Bum.) (1 + (0.003,660,99)(%))(760.0)

The relationship between the vapor pressure of water and

temperature is given by Jones (59):

P = 1.314,6 x 10° exp(-5,315.56)/(t + 273.15) (III-9)

H2O

in which PH2O is in mm. Hg, and t is in °C, and the symbol
exp means to calculate the natural antilogarithm of the
value 1in parentheses following the symbol. Substitution of
eguation (III-9) into equation (III-4) and differentiation

with respect to temperature gives a more exact expression

relating the density of air to temperature:

a(a,)  ~(0.003,595,6)[B - (4.969,45)(10%)""

38 [(1 + (0.003,660,99)(t))(760.0)3°

T (Re1l. Hum./100)exp(-(5,315.56)/(273.15 + t))]

(III-10)
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The uncertainty in the barometric pressure, temperature,
vapor pressure of water, and relative humidity permissible
for the determination of the density of air at certain levels
of accuracy can be illustrated by evaluating eguations
(III-5), (III-6), (III-7) and (III-8) for typical conditions
in the laboratory: Pbp = 744,01 mm. Hg; t = 23.2°;

Rel. Hum. = 32 per cent; P = 21.324 mm. Hg, and

H,0,23.2°
d_ = 0.001,162,1 g./cm.3. This gives

3(d.)
FT5— = 0.000,001,567 g./cm.3mm. Hg (IIT-11)

bp

9(d.)
ETE%_ = -0.000,003,921 g./cm.3-° (ITI-12)

a(da)

d PH

]
= -0.000,000,188 g./cm.”-mm. Hg (III-13)

)
2O

a(aa) ]
0(Rel. Hum.)

-0.000,000,126 g./cm.3-per cent (III-14)

Evaluation of the more rigorous eguation (III-10) gives
a result identical with that of equation (III-12).

For the permissible uncertainty in the density of air to
be 1 p.p.t., that is 0.000,001,2 g./cm.3, the uncertainties
in the measurements of the barometric pressure, the

temperature, and the relative humidity must not exceed the

following wvalues:



APbp = 0.742 mm. Hg (III-15)
At = 0.296° (II1I-16)
A(Rel. Hum.) = 9,201 per cent (III-17)
APH20 = 6.18 mm. Hg (III-18)

To determine the density of air to 1 p.p.t., or preferably
better, and to check the conformity of moist air to the gas
laws at the same level of precision, the uncertalinty in the
measurement of each of the variables must be at least to the
level of precision listed above and the conditions in the

laboratory nmust be stable and measurable of the same degree.

C. Preliminary Experience with the

Measurement of Temperature

The preliminary investigation into the use of stainless
steel cylinders for the determination of the density of air,
including the work described in my M.S, thesis (38), was
done 1in Room 137A of the Chemistry Hall, Iowa State
University. Room 137A is 6.9 meters (22.75 ft.) long,
aligned north-south, 3.0 meters (9.9 ft.) wide, and 3.9
meters (12.8 ft.) high. The volume of the room is thus
about 81 cubic meters (2860 cubic ft.). The room has one
window located on the north wall; the window is 2.9 meters
(9.4 ft.) high and 1.7 meters (5.6 ft.) wide. During the

course of the earlier work on primary standards and on the
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value of the faraday and during the preliminary work of this
dissertation, the room was considerably modified. t was
sealed from the ventilating system of the Chemistry Hall and
was partially insulated by covering the window with a sheet
of Styrofoam, 1 in. thick. The temperature of the room was
regulated by the interplay of a Sears {cldspot Air
Conditioner mounted in the window and a steam radiator also
located on the north wall; the compressor of the air
conditioner was controlled by a thermostat located on the
south wall. Annually, the temperature of the room ranged
between 23.5° and 25.5° depending on the season, the
prevailing outside temperature, and the pressure in the
steam line to the radiator. Hourly, the temperature of the
room varied cyclically over a range of 1.5° to 2.0°
reflecting the operation of the air conditioner. A cycle
of the air conditioner averaged about 40 minutes in length
with tThe compressor being on about half of this time. The
length of the cycle and the maximum and minimum temperatures
of the room reached during any cycle depended primarily on
fhe outside temperature and the pressure in the steam line.
The variation of temperature inside the case of a
balance located in Room 137A was as great at 0.5° during the
LQ-minute cycle of the air conditioner. As shown by
equation (III-16), the uncertainty in temperature must be

less than 0.3° if the density of air calculated by equation
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(III-4) is to be reliable to 1 p.p.t. Clearly, a check on

the conformity of moist air to the gas laws to better than

=

1 p.p.t. could not be made unless the temperature inside the

balances used was controlled better than could be done under

the conditions existing in Room 137A. To obtain the control

necessary, & constant temperature room was constructed inside
Room 137A; this constant temperature room is described in

Chapter IV.

D. Preliminary Experience with

Barometers

During the summer of 1976, measurements of the density
of air were made with absolute density cylinder Number 1 at
Ames, Iowa, Gaithersburg, Maryland, Boulder, Colorado, and
Laramie, Wyoming, with the object of showing that moist air
conforms to the gas laws. The variation in altitude of these
localities provided a greater range of barometric pressure
than experienced by the day-to-day changes in any one
locality. The barometric pressure at these places was
measured with mercurilal barometers which were the property of
and housed in the various laboratories. Intercomparison of
the barometers was made with three travelling aneroid
barometers:

a) A high-precision aneroid barometer, Model PMB-1,

manufactured by American Paulin System of Los Angeles.
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California, the property of the Ames Laboratory of
the Department of Energy and on loan courtesy of
Professor Harry J. Svec. This instrument was read-
able to 0.001 in.
b) A digital read-out, aneroid barometer with
electronic balancing (neon glow tube used as zero
indicator) manufactured by Mechanisms Limited of
Croydon, Great Britain, the property of the
National Center for Atmospheric Research, Boulder,
Colorado, and on loan through the courtesy of
Dr. Robert McBeth.
¢) An Air Force altimeter, reading in meters,
manufactured by the Wallace and Tiliernan Company,
the property of Professor Victor Ryan, Department
of Chemistry, University c¢f Wyoming. Laramie.
Simultaneous readings of these three portable barometers
were made at:
a) A bench mark (United States Geological Survey
(USGS)) on the southeast corner of the campus of
the University of Colorado.
b) The porch of the stone church in Lyons, Colorado.
¢) Several bench marks along Colorado Highway 7 in
the vicinity of Allenspark, Colorado, at an
elevation of about 8200 feet as established by the

USGS and the Colorado Highway Commission.
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d) A USGS bench mark in the City Park, Missouri

Valley, Iowa.

e) Room 170 Chemistry Hall, Iowa State University.

The disconcerting discovery was made that no real agree-
ment could be obtained between these instruments., or with a
house instrument at the sites where one was avallable. The
differences were unpredictable, the readings on any one
instrument being sometimes high and sometimes low. This
erratic behavior was traced to ftemperature effects, and
these were found to be particularly bad in the field; the
erratic variations often were equivalent to 2 m. in
elevation. Surprisingly, i1f all the aneroid barometers and
the house barometer in Room 170 Chemistry Hall (a Fortin
ship-board model mounted on gimbals, Model 751~-B, manu-
factured by Julien Friez and Sons of Baltimore, Maryland)
were placed together overnight (in Room 170 of the Chemistry
Hall) with doors and windows shut so that the temperature of
all the instruments became the same to within 0.1°, all
instruments gave identical readings to within 0.01 in. Hg.
It was necessary to take the readings immediately on
entering the room in the morning. Such agreement was
obtalned repeatedly in this manner over the course of two
months.
The conclusion was drawn that barometers, both aneroid

and mercurial, are exceptionally temperature dependent. It
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was concluded also that the measurements of the density of
air made at Boulder and Laramie with absolute density
cylinder Number 1 were at best only first =2prproximations as

a check on the validity of the cylinder for the determination
of the density of air and for the conformity of moist air to
the gas laws. It was concluded further that measurements of
the density of air with this or other hollow cylinders (as
described in my M.S. thesis) were not much more reliable, the
weighings described in my M.S. thesis having been made in
Room 137A and the barometric pressure measurements in Room
170. It became obvious that it would be necessary to house
the barometers in a constant temperature room if reliable

measurements were to be obtained.

E. Preliminary Experience with Measurements of

Relative Humidity

The measurement of relative humidity in the work
described in my M.S. thesis was made using an Airguide,
Model 113B, Hygrometer. Subsequently, a Weathermeasure,
Model H311, Hygrothermograph was purchased. The Hygrothermo-
graph recorded that the relative humidity in Room 1374 varied
cyclically with the operation of the air conditioner, as did
the temperature. During periods of high relative humidity
outside the Chemistry EHall, the relative humidity in Room

137A varied over a range of 5 to 12 per cent for one cycle
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of the air conditioner; during periods of lower prevalling
relative humidity, the range in Room 137A was 1 to 3 per '
cent. It was also discovered that the response of the
Airguide Hygrometer was sluggish compared to the more
sensitive Hygrothermograph. While the two devices agreed to
2 per cent in a quiesent room (Room 145 of the Chemistry
Hall), they disagreed by up to 5 per cent under the
conditions in Room 137A. As shown by equation (III-17),

the uncertainty in the measurement of relative humidity must
be less than 9 per cent if the density of air is to be
reliable to 1 p.p.t. The conditions in Room 137A were
marginal at best for checking the performance of the
absolute density cylinders and the conformity of moist air
to the gas laws. It was concluded that conditions more
favorable for such work would exist only inside a constant
temperature room.

The calibration of the devices for measuring relative
humidity was also a matter of concern, The Airguide
Hygrometer had been calibrated against a sling psychrometer
in 1975 but some question existed as to the reliability of
this calibration. The Weathermeasure Hygrothermograph was
calibrated according to the manufacturer's instructions by
coating the bundle of hair with water and setting the pen
to 95 per cent. This method appeared approximate at best

and the agreement between the two hygrometers was probably



fortuitous. A method for determining the moisture content
of air by a gravimetric method was developed; this method

is described in Chapter IV.
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IV. CONSTANT TEMPERATURE BOX

A. Construction of the Constant

-

Temperature Box

A constant temperature room constructed from sheets of
insulating material was bullt in the southeast corner of
Room 137A of the Chemistry Hall, Iowa State University,
during June 1G77; hereinafter, this constant temperature
room will be referred to as the "constant temperature box"
to differentiate the box from Room 137A which was also at a
controlled temperature (x1°). The constant temperature box
was built to house the balances, barometers, and other
devices used in the work described in this dissertation as
well as to act as a controlled environment in which the -~
calibration of weilghts and high-precision welghings could be
performed in the future. The placement of the box in Roonm
137A and the door of the box are shown in Figure IV-1.

The exterior of the constant temperature box was 3.27 m.
(10.7 ft.) long, aligned north-south, 1.46 m. (4.79 ft.)
wide, and 2.59 m. (8.50 ft.) high. The box was constructed
from 1.0-in. thick (R=8) and 1.5-in. thick (R=12) sheets of
Thermax, a foil-covered brand of high-thermal, insulating
Styrofoam (Celtex Corporation); these sheets were nailed to a

wooden framework of 2x4-in. studs. The walls and ceiling of

the box consisted of a layer of the 1.0-in. thick sheet



Figure IV-1l. Constant temperature box in Room 1374

Door to box open. Air conditioner and block
fan in insulation covering window
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sandwiched between two layers of the 1.5-in. thick sheet to
give a total thickness of L.0-in. The layers were staggered
so that the gap between any two sheets of insulating
material in a layer was covered by a full sheet on at least
one side. The gaps between sheets were sealed with strips

of 2~in. duct tape. The floor of the box consisted of a
1.0-in. sheet of Thermax sheef covered by a sheet of plywood
which was also 1.0-in., thick. The door to the box was made
by sandwlching a hollow-core door between two sheets of
1.5-in. thick sheeting. The interior dimensions of the box
were: length, 3.05 m, (10.0 ft.); width, 1.25 m. (4.14 ft.);
and height, 2.41 m. (7.92 ft.). The area of the floor and
the volume of the interior of the box were about 3.82 m.2
(41.3 ££.%) and 9.19 m.> (327.1 £t.3), respectively. The
arrangement of the various pilers and equipment described in
the remainder of this chapter reduced the working arez of

2 2). See Figure IV-2 and

the box to about 1.58 m.” (16.9 ft.

Figure IV-4.

The location of the box in the scutheast corner of
Room 137A disrupted both the circulation of air in the room
and the control of temperature; the box blocked direct
access of the air from the air conditioner to the thermostat
which was 1solated in the quiescent space two feet wide
between the box and the south wall of the room. The cycle

of the air conditioner became longer (up to 1.5 hours) and



Figure IV-2.

Floor plan of the constant temperature box

Pier carrying the balances
Mettler, Model M5/SA microbalance
Mettler, Model H51AR semimicrobalance
Shelf carrying the gas pipet
Pier carrying barometer
Pier carrying cathetometer
Shelf
Vacuum system including attachment
to barometer (north leg) and
pumping station (end of south leg)
Friez, mercurial barometer
Position of the reflector carrying the

bulb which was turned off to compensate
for body heat
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the range of temperature recorded during the cycles increased
(up to 3.5°). Satisfactory circulation in Room 1374 was
regained by (1) using a fan, with 12-in. blades to force air
down the outside of the west wall of the box toward the
thermostat, and by (2) mounting two so-called block fans in
the insulation covering the window of Room 137A. These block
fans, located 3 ft. above the blower of the air conditioner
and directed intc the room, forced air to the southern end

of the room and furthermore relieved the strain on the air
conditioner, particularly in the winter, since these fans
drew alr from a dead space formed between the window and the
insulation covering the window.

The ventilation of the constant temperature box and the
distribution and mixing of air within the box were
accomplisned using block fans (75 ft.3/min.). These fans
were mounted in metal boxes and forced air through sheet
metal pipes (4-in. diameter), some with adjustable elbows.
The ventllating system of the box is shown in Figure IV-3.

Air entering the box was drawn from the quiescent space
between the box and the southeast corner of Room 137A. The
alr was drawn through a sheet metal box (12 in. x 12 in. in
cross section by 14 in. high) and over heating elements
(1ight bulbs) in the metal box, drawn through the block fan,
blown through a duct, and released amid the concrete blocks

which made up the pier carrying the barometer. The heating



Figure IV-3, Ventilating system for the constant temperature box

A. Point of entry of air into the box. This air
is blown into the concrete blocks of the
pier carrying the barometer

B. North, recirculation system

C. South, recirculation system

D. Vent
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elements 1in this system consisted of a 200-watt light bulb
and a 200-watt infrared heating lamp. A thermistor tempera-
ture regulator, custom manufactured by the electrical
engineers of the Hach Chemical Company, Loveland, Colorado,
was used to control these heating elements. The sensor for
The thermistor regulator was located at the mouth of the
duct into the box and directly behind the fan. Thus, any
heating of the air was done prior to entry into the box.
Barly attempts to use a second thermistor regulator located
inside the box and light bulbs located in the duct work of
the recirculating system inside the box failed; the light
bulbs simply supplied too much heat to the highly insulated
box. An attempt to use another port close to floor level
on the south wall of the box also failed; the air entering
through the lower port did not have sufficient time to
equilibrate with the air in the box before entering the
general circulation within the box.

The air was distributed and mixed within the box by two
recirculating systems, B and C in Figure IV-3, which drew air
from near the ceiling of the box and released 1t among the
concrete blocks of the piers carrying the barometer and the
balances. In such a fashion, full use was made of the
concrete blocks of the piers as sinks for heat and the
disruptive effects of moving air were minimized. Each re-
circulating system consisted of sheet metal duct and a box

carrying a block fan.
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The box was vented by (1) four holes, each 1 in. in
diameter, which were drilled 2 in. off the floor on the west
wall of the box and (2) & block fan, D in Figure IV-3,
mounted on the west wall over the door. An adjustable elbow
of duct was placed inside the box before the fan to
preferentially draw air from the northern end of the box
rather than the area directly around the balances; this
avolded any disruption of the balances by air moving in the
vicinity of the balances while partially venting body heat,
carbon dioxide, and water vapor from the operator. Further
details on control of temperature in the box are discussed

in Section C of this chapter,

B. Piers to Carry the Balances, Barometer,

and Cathetometer

In theory. a pier on which instruments are mounted
should be connected to the earth by both a still and a loose
coupling. In the present instance the stiff coupling was
through massive slabs of concrete and concrete blocks and
the loose coupling through pads of plastic foam sheet
0.25 in. thick; a large volume of water, in plastic, l-gallon
jugs, placed within the plers probably constituted the
eguivalent of a loose coupling.

The floor of Room 1374, a remnant of the original

flooring laid in 1910-1912 when the Chemistry Hall was
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constructed, consists of cast concrete (or a rather poor
quality poured as both flooring and supporting beams) and a
2-in. layer of asphalt. Before the constant temperature box
was constructed, the asphalt over areas sufficient for two
piers was removed and slabs of concrete, 3.5 in. thick, were
poured directly on the concrete of the flooring and beam
work of the bpulilding. After hardening, these slabs were
coated with varnish to prevent dusting and the piers built
on them. Care was taken that at no point did the piers or
apparatus mounted on them touch the walls of the constant
temperature box.

The pier for the balances consisted of layers of,
successively from bottom up: 0.25-in. plastic foam; four
courses of concrete block; a sheet of plastic foam; a sheet
of plywood 0.75 in. thick; a box made of 0.75-in. plywood in
the top of which was cast a concrete slat 3 in. thick; a
sheet of plastic foam; and finally, a sheet of Alberene
stone 1 in. thick and weighing 70 pounds. Jugs of water
were placed inside the box and within the piers wherever
possible. The piers for the barometer and cathetometer were
similarly constructed but without the wood box but, at the
top, with a sheet of plywood and two slabs of Alberene stone,

the top one of these stone slabs being supported by six

Number § rubber stoppers.
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These assemblies provided the instruments, particularly.
important for the balances, with support which was free of
the vibration of the building, either that caused by foot
traffic in the corridors, auto and truck traffic on nearby
streets, or trains on the Chicago and Northwestern Railroad
(evident in the basement of the new Physics Building and in
Room 137A). The interior of the constant temperature box
including the piers for the balances, barometer, and
cathetometer is shown in Figure IV-4,

On the suggestion of physicists, the upper, Alberene
stone slab of the pier carrying the balances was mounted on
partially inflated inner tubes (six tubes, each 4 in.
internal diameter) and although these also provided against
the transmittal of vibrations, the level of the balance
mounted on the slab changed on the addition of a 1l-kg. weight
and this mounting had to be abandoned. Although the 0.25-in.
sheets of plastic foam and the rubber stoppers probably did
not provide the loose coupling ideally desired, they had the

merit that the levels of the stone slabs were not affected by

large weights.

C. Control and Measurement of

Temperature

The temperature within the constant temperature box was

maintained at 28.2°, some 4.5° above the temperature of the



Figure IV-4. Interior of the constant temperature box

Left to right: The piers carrying the barometer
and the cathetometer, the shelf carrying the gas pipet
and the compensating bulb, and the balance pier. The
balance shown 1s the Mettler H51AR semimicrobalance,
covered with insulation.

The duct carrying air from outside the box into
the blocks of the barometer pier is at the upper
right. The recirculation system at the north end of
the box 1s shown at the upper left.

This photograph was taken with a camera eguipped

with a wide-angle lens.
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constant temperature room, Room 137A. The higher temperature
of the box resulted from the slow dissipation of the heat
generated by equipment within the box through the highly
insulated walls; temperatures as high at 35° were recorded
before it was realized that all superfluous, heat-generating
equipment had to be excluded from the box. The temperature
within the box, if undisturbed by the presence of the
operator or by the opening of the door, was maintained to
+0.075° over one cycle of the air conditioner, as recorded
by a platinum resistant thermometer mounted on the west
wall.

The temperature maintained within the box was, after the
exclusion of all superfluous sources of heat from the box, a
trade-off between one which allowed a reasonable degree of
comfort for the operator and one which permitted regulation
to within a desired level. Regulation of the temperature was
maintained by: (1) careful adjustment of the volume and the
temperature of the air entering; (2) use of concrete blocks
and a large quantity of water as heat sinks; and (3) regu-
lation of sources of heat within the box including consider-
ation for the body heat of the operator.

Careful regulation of the amount of air entering the box
and 1ts temperature was necessary. Experiments involving
several ports through which air entered the box resulted in

lower temperatures within the box but with greater variations
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in temperature, sometimes approaching that of Room 137A. It
was found that the best control was obtained by using the
single port described in Section A above. Air entering
through this port was regulated to #0.5° by preheating with
light bulbs which were turned on and off by a thermistor.
This heated alr was then plown through 12 feet of metal duct
work which allowed some equillibration with the temperature in
the box. This incoming air was released amid the concrete
blocks of the barometer pier.

The sixty concrete blocks, each weighing 40 pounds,
which made up the piers carrying the balances, barometer, and
cathetometer, proved ideal as heat sinks. Additional control
was gained by placing some seventy gallons of water, in 1-
gallon, plastic jugs and large plastic carboys, in every
available space within the box, including the spaces between
the blocks of the various piers. While the blocks and water
did not prevent short-term wvarlations in temperature within
the box, these materials mitigated against large, long-term
changes in temperature caused by changes or fallures in the
operation of the air conditioner in Room 137A and prolonged
power failures.

Further regulation of temperature was obtained by
maintaining a constant input of heat within the box. One
major and excessive source of heat within the box was the

the fluorescent lighting; it was necessary to remove the
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ballasts from the fluorescent fixtures and to locate the
ballasts outside the box. The heat generated by the
operator was a large and intermittent disruption which was
solved by turning on a 150-watt lamp delivering 120 watts
(regulation by an autotransformer) when the operator was
absent. The 120-watt figure was determined to be close to
the heat dissipated by the operator (Mr. J. S. Gibson in the
present dissertation).

Temperature inside the box was measured using three
Matheson, mercury thermometers graduated to 0.1°. These
thermometers were located: (1) on the barometer, at the
north end of the box, (2) on the west wall of the box, just
south of the shelf, and (3) on the east wall, behind and
petween the balances.

More precise measurements of temperature within the box
and the balances were made using three Degussa, platinum
resistance thermometers, Type W63-01. These platinum
resistance thermometers were calibrated by Mr. M. S. Anderson
and Professor C. A. Swenson, Department of Physics of Iowa

tate University and the Ames Laboratory of the Department
of Energy. The calibration involved the comparison of the
resistance of the platinum resistance thermometers with the
resistance of a standard platinum resistance thermometer
which had been previously calibrated at the National Bureau

of Standards. Platinum resistance thermometer Number 1
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(10-77-01) and Number 3 (10-77-03) were positioned on the
barometer, at the north end of the box, and on the west wall,
next to the tenth degree thermometers, respectively.
Platinum resistance thermometer Number 2 (10-77-02) was
mounted in a one-hole, Number S rubber stcpper which was
mounted in the balances, either in the chamber housing the
beam or in the chamber housing the pan as appropriate to
the occasion.

The eqguipment used to measure temperature using the
platinum resistance thermometers is shown in block form in
Figure IV-5 and in photographic form in Figure IV-6. The
current through the platinum resistance thermometers was
determined by measuring the potential developed across a
100-ohm standard resistor (Julie Research Laboratories.
New York City, Type CH46-TL4) calibrated by Mr. Anderson.
The measurement of potential was made using a White double
potentiometer, Leeds & Northrup Company, Model Number 6273,
Serial Number 1766847, feeding into a Linear Strip Chart
Recorder, Model Number 141, Serial Number B001260; a
Keithley Null Detector Microvoltmeter, Model Number 155,
Serial Number 39632A, was interfaced between the potentiom-
eter and the recorder. The constant currents necessary to
power the platinum resistance thermometers and the
potentiometer were supplied by power supplies designed on

the Kroeger-Rhinehart circuit (69). The potentiometer was



Figure IV-5.

Circulitry for measurement of temperature
with platinum resistance thermometers

A.

White double potentiometer, Leeds &
Northrup, Model 6273

Constant current source for
potentiometer

Standard cell

Null Detector Microvoltmeter, Keithley,
Model 155

Strip chart recorder, Linear, Model 141

Double pole, rotary switch, Leeds &
Northrup, Type 31

Standard resistor (100-ohms)
Platinum resistance thermometers

Constant current source for platinum
resistance thermometers
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Figure IV-6. Equipment for measurement of temperature using
platinum resistance thermometers

Shelf One: Meter for measurement of pressure in
vacuum system

Shelf Two: Left- constant current supply for
resistors, Right- Keithley micro-
meter

Shelf Three: Left- White double potentiometer

Shelf Four: Constant current supply for
potentliometer

Shelf Five: Strip chart recorder
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calibrated using a standard cell manufactured by Eppley
Laboratories, Inc. (Newport, Rhode Island), Serial Number
791896. All switches were Leeds & Northrup Company, Type
31, double pole, rotary switches. Twisted wire was used
throughout the circuitry to minimize interference by
electromagnetic radiation.

The temperature, as measured by the platinum resistance
thermometers, was given over the range of temperature in the

box by the equation

y =mx + Db (Iv-1)

in which y is the temperature in °C, x is the resistance of
the platinum resistance thermometers in ohms, and for

Number 1, m = 2.5818 °C/ohm

b = -257.885 °¢
Number 2, m = 2.5800 °C/ohm
b = -257.807 °cC

Number 3, m 2.5840 °C/ohm

-258.090 °C

b

Typical variation of temperature, as measured by platinum
resistance thermometers, in: (1) a Mettler, Model H315,
Kilogram Balance (direct from the factory without additional
insulation) in the constant temperature box, and (2) the

constant temperature box, 1s shown in Figure IV-T.



Figure IV-7. Variation of temperature as measured by platinum resistance

thermometers

I. Variation of temperature in a Mettler, Model H315, Kilogram
Balance (direct from factory, no additional insulation) in the
constant temperature box as recorded by platinum resistance
thermometer Number 2 located in the chamber housing the beam

Air conditioner turns on, 7:23 a.m.
Air conditioner turns off, 7:37 a.m.
Air conditioner turns on, 7:56 a.m.
Air conditioner turns off, 8:11 a.m.
Air conditioner turns on, 8:32 a.m,

HmoQw e

II. Variation of temperature in the constant temperature box as

recorded by platinum resistance thermometer Number 3 located
on the west wall of the box

A. Air conditioner turns on, 8:37 a.m,
B. Air conditioner turns off, 8:48 a.m.
C. Air conditioner turns on, 9:14 a.m.



I

min.

28.26°

28,11°

S9



66

D. Measurement of Barometric Pressure

Within the Constant Temperature Box

Because of the discordant results obtained in our
preliminary experiences with barometers, described in
Chapter III, a mercurial barometer of our own design was
constructed with which precise and reliable measurements of
barometric pressure could be made. The new barometer was of
the Fortin type. Other Fortin-type barometers with large
cisterns had been constructed earlier by others and the
measurement of the height of the mercury column with a
cathetometer and the auxiliary measurement of the height of
the mercury in the cistern with the aid of electrical
indication were not new; a unigue feature of the new instru-
ment, however, was the incorporation in the space above the
mercury column of a thermocouple gauge to measure the gas
pressure above the mercury column. The barometer is shown
in Figure IV-8.

The barometer consisted of two vertical tubes, 1.2 m.
in height and 20 mm. inside diameter, and a large cistern
contalning 75 pounds of mercury, all carried on a steel
frame supported by four leveling screws. The vertical tubes
were each connected to the cistern, through the base, by
stainless steel tubing of small bore (1.4 mm. inside

diameter) through which the mercury flowed so slowly as to
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Figure IV-8. Barometer and cathetometer constructed
to measure barometric pressure within
the constant temperature box
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prevent damage to the IiInstrument by rapid movement such as
might be produced by sudden changes in pressures, Valves
and outlets were provided below each tube and the cistern to
enable drainage of the mercury when necessary. The vertical
tubes were connected at the top through a vacuum stopcock.
Each tube was fitted with an additional vacuum stopcock, the
left tube so that it could be opened to the atmosphere, the
right tube through glass tubing and ball joints into a glass
manifold. The manifold carried a thermocouple vacuum gauge
and connection to the vacuum system. The vacuum system is
described below in Section E. For the cilistern, a section of
glass cylinder, 4 in. long and 12 in. in diameter, was
obtained by cutting the bottom from a crystallizing dish.
The ends of this tubing were ground flat. This tubing was
clamped between stainless steel plates, the lower of which
was carefully machined to provide: (1) a circular groove to
house the gasket on which the glass ftubing rested, and (2) a
sloping floor so that mercury would drain to the openings
located in the center (connections to the barometer tubes
and drainage outlet). The assembly was drawn together and .
held by long stainless steel bolts and wing nuts. A hole
was drilled through the upper plate tc provide entry of a
pointed, stainless steel shaft attached to a Mitutoyo
micrometer head. The steel shaft was part of an electrical

circuit powered by a 1l.5-volt battery; contact of the point
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of the shaft with the mercury in the cistern caused a small
light bulb to light. It proved necessary to clean the
pointed tip of the shaft with emery cloth periodically. The
micrometer was readable to 0.001 in. and thus the change in
the position of the mercury level in the cistern could be
determined accurately when mercury was drawn up into the
barometer tubes.

The level of mercury in the barometer tubes was
measured with a Wild Heerbrugg Cathetometer, Model 801,
Serial Number 71, on loan from Professor H. J. Svec of the
Ames Laboratory of the Department of Energy. The
cathetometer, which had a glass scale and was readable to
0.01 mm., was fitted with an additional objective lens
(upper telescope) which decreased the focusing range from
0.96 to 0.42 m., the distance separating the barometer
tubes and the cathetometer.

The measurement of the barometric pressure in the
constant temperature box involved four measurements., First,
with the spaces above the mercury in both glass tubes open
to the atmosphere, the height of the mercury in the two
tubes, the same of course, was measured with the
cathetometer, the cross hairs of the upper telescope being
aligned with the top of the mercury meniscus and the scale
of the cathetometer being read through the lower telescope.

Second,'the height of the mercury in the cistern (the same
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level, of course, as that in the two tubes) was measured by
bringing the steel shaft into contact with the mercury and
reading the micrometer (to 0,001 in.). Third, the right-
hand tube was then evacuated, drawing the mercury up intc

the tube and at the same time lowering the levels in the

left tube and in the cistern. After equilibrium was
established, at a gas pressure in the right tube less than
one micron, the height of the column in the right tube was
read with the cathetometer. Fourth, contact with the mercury
in the cistern was again made with the steel shaft and the
height of the mercury measured with the micrometer, The drop
in the level of the mercury in the cistern (and in the left
barometer tube) was then subtracted from the initial reading
of the cathetometer and thus the new lower level established.
This reading subtracted from the upper reading gave the
height of the mercury column.

Three corrections were made to the height of the mercury
column obtained as just described: correction for the
expansion of the soft-glass scale of the cathetometer from
the temperature at which the scale was callibrated; correction
for the helght of the mercury column from room temperature to

and correction of the height of the column to a standard

acceleration of gravity.
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The correction for the expansion of the soft-glass

scale of the cathetometer was calculated by the equation

ht
ht(corr.) ST F ot ¥ to) (1v-2)

in which nt(corr.) is the corrected height of the column of

mercury, ht is the height of the column as measured at t°C,
a 1s the coefficilient of expansion of the glass scale,

95 x 10_7/°C, and to is the temperature at which the scale
was calibrated, 20°. The information about the coefficient
of expansion of the glass scale and the temperature at
which the scale was calibrated was obtained directly from
the manufacturer (101). The correction for the expansion
of the glass scale typically amounted to 0,06 mm. (for
example, for h_ = 740,00 mm. and t = 28.00°, the correction
is 0.056 mm.).

The reduction of the height of the mercury column to

0° was made using the equation

h _ _"t(corr.) Tv
0°(corr.) 1 + y(t - 0) (Iv-3)

in which hO° is the height of the column of mercury would
; . p X ° . . .
have if it were at 0°, ht(corr.) has the meaning given in
the preceding paragraph, and y is the cubical coefficient
of expansion of mercury as obtained (10) from equation

(IV~-4):
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v x10% = 18,144.01 + 0.701,6t + 0.002,862t2
+ 0.000,002,617t° (IV=1)

The reduction amounted to about 3.8 mm. (for h =
t(corr.)
740.00 mm. and t = 28.00°, the correction is -3.745 mm.).
The height of the mercury column at a standard

acceleration of gravity was calculated by

=n (8/8) (1V-5)

h X
s,0°(corr.) 0°(corr.)

in which the subscripts to h indicate that all

s,0°(corr.)
three corrections have been applled, g is the local
acceleration of gravity, 980.293 cm./éec.z, and 8g is the
standard acceleration of gravity (10) at 45 degrees
longitude, 980.665 cm./sec.z. The local acceleration of
gravity was determined by Professors Hardy and Diehl and the
author. Typically, in this work the correction reduced the
height of the mercury column by 0,28 mm. (for

h0°(corr.) = 740.00 mm. and t = 28,00°, the height is
decreased by 0.281 mm. ).

E. Vacuum System in the Box

The vacuum system of the constant temperature box was
made of copper tubing of 5/8 in. outside diameter. The
system was evacuated by a Welch, Duo-Seal Vacuum Pump,
Model 1400, Serial Number 141360, on loan from Dr. David

Peterson of the Ames Laboratory and the Department of
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Materials Scilence and Engineering. The pump was connected
to a trap submerged in liquid nitrogen to prevent contami-
nation of the vacuum system with pump o0il and to prevent
damage to the pump. The copper tubing was connected to the
trap and entered the box through a 1-in. hole in the wall of
the box. At this point, the system divided into two legs.
The northern leg was connected to the manifold of the
barometer. The thermocouple vacuum gauge, Type 501, manu-
factured by the National Research Corporation of Newton,
Massachusetts, was mounted on the manifold and measured the
pressure in the vacuum system to one micron as indicated on
a meter manufactured by the Natidnal Research Corporation;
both of these pieces of equipment for measuring pressure
were on loan from Dr, Peterson.

The southern leg of the system was used to evacuate the
vacuum weighing bottles described in Chapter VII. From the
point at which the system branched on entering the box to
the end of the scuthern branch, the system included a Hoke
needle valve, a 2.5-ft. length of copper tubing, a short
branch of copper tubing carrying another Hoke needle valve,
and finally a Cenco fitting at the end of the leg. The
first needle valve was used to connect the southern leg fto
the pump and the manifold of the barometer. The Cenco
fitting was operated by firmly tightening an O-ring around

the nozzle of the weighing bottle thus allowing evacuation
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of the bottle. The short branch of copper tubing carrying
the second needle valve allowed restoration of atmospheric
pressure in the southern leg and removal of the weighing

bottle after its evacuation.
F., Gas Pipet

Because of the problems described in Chapter III
concerning the reliability and calibration of the instru-
ments for measuring relative humidity and because no
attention had been paid to the variability of carbon dioxide
in the atmosphere of laboratories and the effect of such
changes on the density of air, a method was developed for a
highly-accurate, gravimetric determination of each based on
the use of a large, specially constructed gas pipet. The
air peing analyzed was drawn into the pipet, passing first
through an absorption tube containing anhydrous magnesium
perchlorate and then through an absorption tube containing
Ascarite followed by anhydrous magnesium perchlorate. The
absorption tubes were weighed, before and after the passage
of the sample of air, to within 1 ug. (microbalance). The
gas pilpet was constructed so that the volume of the gas
could be calculated from the lateral displacement of a
piston and the internal diameter of the cylinder; thus, no
calibration of the instrument involving a measurement of

mass or of other gas volumes was involved. The uncertainty
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in a 3-l1liter volume of gas so measured was estimated to be
less than 0.5 p.p.t. A photograph of the instrument is

shown in Figure IV-9,

Figure IV-9. Gas pipet

The barrel of the gas pipet was a brass tube (A of
Figure IV-10), outside diameter 5.5 in., length 10.5 in.
This tube was bored with precision on a lathe and polished
to give a cylinder of smooth and nhighly uniform internal
diameter. The tube was soldered to brass supports (B).

The piston (C) of the pipet consisted of a circular plate



Figure 1IV-10. Cross section showing the construction of
the gas pipet

A. Brass tube forming barrel of pipet
B. Brass support

C. Piston

D. O-rings

E. Brass plate

¥. Brass tube

G Brass nut

H. Brass rod driving piston
I. Front plate

J. O-ring

K. Cenco fitting
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of aluminum, 5/8 in. thick, the diameter of which was nearly
that of the interior of the tube. The piston was fitted
with two O;rings (D) which insured an airtight seal between
piston and cylinder. Attached by set screws to the outside
surface of the piston was a brass plate (E), 0.5 in. thick
and 4.0 in. in diameter, to which was silver-soldered a
brass tube (F), 1.5 in. outside diameter, 10 in. long. This
tube ended in a nut (G) through which the threaded driving
rod (H) passed. The purpose of the great thickness of the
piston, of the two O-rings, of the brass plate, and of the
length of smaller brass tubing was to prevent any tilting

of the piston from the normal to the axis of the cylinder as
the piston moved.

A brass guide, carried in a slot in the smaller brass
tube, prevented rotation of the piston and permitted lateral
motion of the piston. The piston was moved by a variable-
speed motor, Type NSH-12R, manufactured by the Bodine
Electric Company of Chicago, Illinois, and a worm gear which
turned the threaded driving rod (H). The distance travelled
by the piston was measured by a dial caliper graduated to
bcth 0.001 in. and 0.1 mm. The gauge of the dial caliper
was secured to the rear support for the driving rod and one
end of the movable scale of the caliper was secured to a
brass plate attached to the rear of the brass tube and hence

to the piston. By such an arrangement, the displacement of
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the pilston could be measured by reading the gauge of the
dial caliper before and after moving the piston. The dis-
placement of the piston was limited by contact switches
mounted on a strip of aluminum mounted between the supports
for the driving rod; these switches were triggered by a
horizontal post fixed on the brass plate carrying one end
of the scale for the dial caliper,

The face of the gas pipet was a circular plate of brass
(I), 3/8 in. thick, secured to the front support (B) by
eight set screws and sealed airtight by an O-ring (J)
mounted on the back side of the face. A Cenco fitting (XK)
was soldered around a hole (0.5 in. in diameter) drilled in
the front plate and served as the port through which air was
drawn into the gas pipet during operation of the pipet.,

The internal diameter of the gas pipet was measured
with an inside micrometer (L. S. Starrett, Athol,
Massachusetts) graduated in 0.001 in. but readable to
0.000,2 in. The micrometer was carried on a brass fixture
which had been carefully centered and mounted by a screw
onto the face of the piston of the pipet. Such an arrange-
ment allowed the measurement of the inside diameter of the
pipet at different angular orientations of the micrometer by
rotating the fikxture carrying the micrometer and at different
positions along the length of the pipet by advancing or

withdrawing the piston.
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The diameter of the gas pipet was measured at four
angular orientations (0°, 45°, 90° and 135°; vertical
orientation being 0°) for eleven positions along the length
cf the pipet. The micrometer was set in a particular
orientation and then measurements were made in the eleven
positions along the length of the tube. The piston was
then withdrawn, the angular orientation of the micrometer
was changed, and another series of eleven measurements were
made at the new orientation. The measurements recorded are
shown in Table IV-1. At 25.5°, the inside diameter of the
gas pipet averaged 5.2865 in. (13.428 cm.) with a relative
standard deviation of 2.1 parts in 10,000.

The atmospheric content of water vapor and carbon
dioxide was determined by the increase in weight of absorp-
tion tubes filled with magnesium perchlorate (about 13 g.,
total weight) and with Ascarite followed by anhydrous
magnesium perchlorate (13.6 g., total weight), respectively.
Each absorption tube was capped at both ends by small rubber
caps to prevent entry of air into the tubes between
manipulations. Before 1initial use, each tube was painted
with a2 20 p.p.m. sclution of cetylpyridinium bromide
(Eastman Xodak Company) to lessen the adsorption of moisture
on the surfaces. The determination of atmospheric water
vapor and carbon dioxide began with the weighing of each

absorption tube on an M5/SA microbalance, Serial Number



81

Table IV-1l. 1Inside diameter of the gas pipet

Angular Orientation of Micrometer
Position

Along Tube (inch) 0o 450 90° 135°
9.360° 5.2890  5.2855  5.2868  5.2855
8.500 5.2880 5.2850  5.2855  5.2850
7.650 5.2870  5.2860  5.2868  5.2860
6.800 5.2865 5.2865 5.2880 5.2865
5.950 5.2860 5.2865 5.2875 5.2865
5.100 5.2860  5.2860  5.2878  5.2860
L, 250 5.2858  5.2860  5.2885  5.2860
3.400 5.2858 5.2858 5.2888 5.2858
2.500 5.2858  5.2860  5.2888  5.2860
1.700 5.2860 5.2855 5.2885 5.2855
0.8650° 5.2860 5.2855 5.2882  5.2855

&The angular orientation of the inside micrometer is
given, in degrees, clockwise from the vertical orilentation

of the micrometer, 0°.

bPiston of pipet advanced to fullest extent as limited
by front contact switch.

®Piston of pipet withdrawn to fullest extent as
limited by rear contact switch.
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52550, The caps were removed from the absorption tubes and
the absorption tubes were connected to the gas pipet by
glass and rubber tublng such that the air sampled passed
first through the tube containing magnesium perchlorate and
then through the tube containing Ascarite and magnesium
perchlorate. After the sample passed through the tubes. the
absorption tubes were recapped and reweighed. The volume of
air sampled was calculated by multiplying the distance
travelled by the piston, as measured by the dial caliper
mounted on the movable assembly of the pipeft and by the
cross-sectional area of the interior of the pipet,

141.61 cm.2. The entire determination took about 35
minutes: 16 minutes to weigh the two tubes allowing for
dissipation of heat, three minutes to sample the air, and

16 minutes to reweigh the tubes.

The atmospheric content of water vapor was calculated
by dividing the gain in weight of magnesium perchlorate
(typically 32.5 mg.) by the molecular weight of water (44),
18.015,34 g./mole, to give nH?O, the number of moles of
weter in the sample teaken. Tﬁis quantity was substituted

into equation (IV-6) derived frcm the gas law

760 Ny ORT

_ 2
P, = v (IV-6)

in which PW is the partial pressure of water vapor in mm.

Hg; R is the gas constant, 82.0568 cm,-atm./mole*°K; T is
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the temperature within the box in XKelvin; and V is the
volume of air drawn into the pipet in cm.3. Substitution
of eguation (IV-6) into equation (III-4), used to calculate
the density of air from the prevailing conditions, gives
i - 0.001,292,3(Pbp - O.378,02Pw)
a (1 + 0.003,660,99(t)) (760)

(IV-7)

The increase in weight of the Ascarite was typically
about 40 mg. The mole fraction of carbon dioxide, XCO2’
in the air within the box was calculated by dividing the
number of moles of carbon dioxide collected, nco2 (molecular
weight of carbon dioxide, 44.009,95 g./mole) (44), by the

number of moles of air in the volume sampled as gilven by the

gas law

n002
Xco2 = TBV/RT) (Iv-8)

in which P is the barometric pressure within the box in
atmospheres. The molecular welght of alr was recalculated
to take into account the deviation of the measured content
of carbon dioxide from the value used by Harrison (4i4),

X = 0.000,314, in calculating the molecular weight of

The constant 0.001,292,3 in eguation (IV-7) was
obtained (see my M.S. thesis (Ref. 38, page 16)) by dividing

the molecular weight of air, 28.964,5 g./mole dry air (Ref.
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L4, page 15), by 273.15 and the value of the gas constant,
82.056,8 cm.-+atm./mole®kK. By replacing the constant
0.001,292,3 with the terms from which it was derived and
then simplifying, an equation for the density of air in
terms of the barometric pressure, temperature, partial
pressure of water, and the molecular weight of air is

obtained

M (P - 0.378,02P )
a " bp W (IV=-9)

a =
& 1,703,450 x 107(1 + 0.003,660,9(t))

G. Determination of the Acceleration

of Gravity

The acceleration of gravity in Room 137A and‘on the
Pler carrying the balances in the constant temperature box
was determined using a Worden Gravity Meter, Model 751, on
loan from Mr. Jack Gilmore of the Iowa Geological Survey,
Iowa City, Iowa. The range of this instrument was about
220 milligal, readable to 0.01 milligal. [1 cm./sec.2 =
1 gal. (after Galileo); the unit milligal is commonly used
in the current literature.] The acceleration of gravity was
measured relative to the value established by Gopfert in
1973 in Room 106, Town Engineering Building, Iowa State
University, southeast corner of the Geodesy and Photo-

gammetry Laboratory. The observed gravity at this location,

designated ISU-85, was 980,294.91 £ 0.04 milligal and was
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tied T{o the Iowa Gravity Base Station Network through
stations in Boone (IGS 8) and Des Moines (IGS 77); the net-
work in JTowa 1is tied to the U. S. National Gravity Base Net
at Station Minneapolis L (I.G.C. 15443L) (40,45). The value
obtained by Gopfert was confirmed in October 1977 by
Professor Diehl in a series of measurements made on a
circuit comprised of stations in Des Moines (IGS 77;
Des Moines Municipal Airport) and Marshalltown (IGS 64;
Marshalltown Municipal Airport) and ISU-85. The station at
the Boone Airport had been destroyed by new construction.
The acceleration of gravity at the bench mark in Room
137A (see Section H of this chapter) was measured by
Professor Diehl and the author relative to the value at
ISU-85 by a series of measurements made alternately in
Room 137A and at ISU-85. 1In Room 137A, the gravity meter
was mounted on a brass plate, 0.L4 in. thick, resting on the
bench mark and levelled by shims., Straight lines were
fitted to the data obtained at each site, the difference in
readings between the sites at different times was
calculated, and the value of gravity at the bench mark was
. calculated. The acceleration of gravity at the bench mark
in Room 137A was determined to be 980,293.38 milligal, the
standard deviation in the measurements being 0.04 milligal.
Students of the class in Geodetic Surveying taught by

Dr. R. L. Hardy of the Department of Civil Engineering,
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Iowa State University, also determined the acceleration of
gravity at the bench mark using the same instrument and
ISU-85. The value obtained by the class, 980,293.59+ 0,07
milligal, was viewed by Dr. Hardy with less than complete
confidence owing to large differences between values obtained
on two different days. The guestioned value was viewed as a
rough check of our work.

The acceleration of gravity was determined on the pier
carrying the balances to be 980,292.96 milligal (standard
deviation in the measurements, 0.08 milligal). This value
was determined by a serilies of measurements done alternately

at the bench mark and on the piler carrying the balances.

H. Determination of the Elevation of

Room 1374 and of the Balance Pier

Twe bench marks were established in September 1977 in
the Chemistry Hall, Iowa State University. These bench
marks, made of stainless steel, were placed in the front
lobby and in Room 137A. That in the front lobby (that is,
the rocm just north of the south doors of the o0ld building)
is located between the middle and east, inner doors; that in
Room 137A is just inside the door and is the east of two
stainless steel markers so mounted. The elevation of these
bench marks was determined by a first-order leveling run by

an advanced class in geodetic surveying under the supervision
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of Professor R. L. Hardy of the Department of Civil
Engineering. The elevations found were: Lobby, 291.527 m.:
Room 1374, 281.533 m. These values were obtained using as a
reference a bench mark about 20 ft. northeast of the north-
east corner of Beardshear Hall, Iowa State University,
established by the United States Coast and Geodetic Survey.
The standard error in these values was estimated by
Professor Hardy (42) to be 2 mm. The bench mark in the
lobby of Chemistry Hall was marked "291.527 M ABOVE M.S.L."
The elevation of a steel rule, mounted on the east wall
of the constant temperature box and behind and between the
balances, was also determined by Professor Hardy's students.
The elevation at the 16.00 in. mark in this rule was
determined to be 293.170 m. above mean sea level. Professor
Hardy advised that caution be exercised in using this value
inasmuch as one of the two parties involved in the measure-
ments did not have good results for this particular measure-
ment and there was no check of the value of the other party.
The objective in having these elevations determined was
to make possible a calculation 2f the acceleration of
gravity from the latitude and altitude. Such a calculation,
however, yields an inaccurate value for the acceleration of
gravity in central Iowa owing to the Midcontinent Gravity
Anomaly, a relatively narrow band running southwest to

northeast, some of the most prominent features of which lie
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jJust a few miles west and north of Ames. Flanking the high
gravity anomaly in parallel banrds are low gravity regions.
Ames is located on such a low-gravity region. For an
exposition of the Milidcontinent Gravity Anomaly and a
discussion of the extraordinary gradients in the acceleration
of gravity over short distances in central Iowa, see

Carmichael (23).
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V. MCDIFICATION COF THE METTLER,

SINGLE~PAN BALANCE
A, Introduction

Three single-pan balances, manufactured by the lMettler
Instrument Corporation of Princeton, New Jersey, were used
in the present work: a Mettler, Kilogram Balance, Model
E315, having a capacity of 1000 g. and reading directly to
0.1 mg.; a Mettler Semimicrobalance, Model H51AR, having a
capacity of 160 g. and reading directly to 0.01 mg.:; and a
Mettler Microbalance, Model M5/SA, having a capacity of
20 g. and reading directly to 1 ug. As with all single-pan
balances, these balances operate on the substitution
principle, that is, weights suspended from the beam are
removed to equal the mass of the object being weighed. The
weights suspended from the beam of the kilogram balance
total 999 g.; the one-thousandth gram being obtained from
the deflection of the beam as measured optically using the
image of a reticule which is passed through a movable,
readout device. The optical scale is divided into 10,000
divisions and the sensitivity of the balance is adjusted so
that 10,000 divisions exactly equal 1 g. The optical scales
in the semimicrobalance and the microbalance are divided
into 12,500 and 20,000 divisions, respectively, and the
sensitivity of both balances is adjusted so that 10,000

divisions exactly equal 0.1 g. and 0.01 g., respectively.
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The Mettler Xilogram Balance, Serial Number 719830,
used in the present work, was mounted in Room 145 Chemistry
Hall and was the property of the Hach Chemical Company and
on loan to Iowa State University; the Mettler Semimicro-
balance, Serial Number 626447, and the Mettler Microbalance,
Serial Number 525505, were the property of Iowa State
University and were mounted in the constant temperature box
in Room 137A Chemistry Hall. It was necessary for the
present work to make a number of modifications to the
kilogram balance and to the semimicrobalance, principally
to increase capacity, to increase sensitivity, and to
stabilize the zero-point. In making these changes, close
attention was paid to temperature, to electrostatic effects,

and to the retention of the requisite mechanical structure.

B. Increasing the Capacity of the

Kilogram Balance

The use proposed for the kilogram balance was the
weighing of masses (weights) up to one kilogram in the
vacuum weighing bottle as described in Chapter X, The mass
of the weighing bottle itself was 163.4846 g. so, it was
necessary to increase the capacity of the balance to 1164 g.
This was accomplished by increasing the mass of the counter-
weights on the long (back) arm of the balance. The added

counterweights were in the form of two cylinders of



stainless steel, bored and threaded axially. These new
counterweights, each weighing 48 g., were carried on
vertical screws projecting downward at the ends of a
crosspiece bolted to the beam, Figure V-1. The counter-
weights could thus be moved up and down to adjust the
sensitivity and the cross plece was slotted so that it
could be moved along the beam after loosening the bolt.
This assembly provided a rough adjustment of the zero-point,
the final adjustment being made with the original "zero-
point adjustment nut" of the balance. Actually, this
crosspiece replaced a "rough zero-point adjustment weight"
which was present on the balance when received; this rough
adjustment weight and the new crossplece which replaced it,
were so grooved as to fit the beam; the pilieces were thus
confined to motion forward and backward along the beam.

The mass at the back end of the beam of the H315 balance
consists mainly of the large mass of stainless steel visible
between the new counterweights, Figure V-1, the piston
operating within the cylinder (which provides air damping),
and the rough zero-point adjustment weight. The mass needed
for the new, additional counterwelghts was obtained by
removing the original rough zero-point adjustment weight and
making a weighing with the balance (pan empty); the mass of
bullt-in weights lifted from the beam in this operation gave

the effective mass of the rough zero-point adjustment weight.



Figure V-1. Additional counterweights added to the beam
of the Mettler Single-Pan Kilogram Balance
to increase the capacity



93




94

The ratio of this effective mass, 27.5810 g., to the mass of
this rough adjustment weight, 16.5394 g., as determined on
another balance, gave the ratio of the effective lengths of

the arms of the balance:

Rear arm _ 27.5810 _ Lo,
Front arm  16.5394 1.6676

This ratio made it possible to calculate the total mass
needed for the new crosspiece-counterweight assembly to just
counterbalance the weighing bottle. Because of interference
from other components of the balance, the new counterweight
assembly could not be placed as far to the rear as was the
original rough adjustment weight, and the final total mass
of the assembly (crosspiece, two screws, four lock nuts and
two cylindrical counterweights (all of stainless steel)) was
some 25 g. more than the value calculated. The assembly was
bolted to the beam, the position on the beam marked and the
effective mass of the assembly determined by making a
welghing. The assembly was then moved forward 3 mm. and the
welghing repeated. With this data, it became easy to
position the assembly so as to balance closely the

163.4846 g. of the weighing bottle. The final adjustment of

the zero-point was then made with the original zero adjust-

ment nut.
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C. Increasing the Sensitivity of the Mettler
Kilogram Balance and of the

Mettler Semimicrobalance

The two large cylindrical counterweights added at the
back end of the beam of the H315 kilogram balance, Figure
V-1, were added to increase the capacity of the balance.
These masses were made movable up and down on screws so that
the essential, symmetric distribution of the masses on the
beam was preserved. Some change in the sensitivity of the
balance could be effected by raising and lowering these
counterwelghts, but not a great deal, and primarily the
positioning of them was to bring the zero-point into proper
position,.

A significant increase in the sensitivity of the balance
was desired and this was achieved by replacing the coriginal
sensitivity nut with one considerably heavier. The masses of
the original and the new nut were, respectively, 7.9405 g.
and 24.5466 g. The bore of the new nut was centered as
accurately as possible using a precision milling machine for
boring and threading; a metric thread (3 mm. x 0.5 mm.) was
used to conform with that in the balance as received. This
heavier nut proved satisfactory. For the final work of this
dissertation, the sensitivity was set at 6.5 ug. per optical

scale division.
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With this new sensitivity nut and setting, of course,
it was necessary to obtain a new calibration of the optical
scale, This was made during the course of each sequence of
welghings by taking an arbiltrary zero-point reading on the
optical scale (usually somewhere in the middle of the scale),
adding a "sensitivity weight', and obtaining a new reading.
From the shift in equilibrium position, the sensitivity in
Hg. per optical scale division was calculated. Checks on
this value were usually obtained at the same time by removing
& similar sensitivity weight or by doubling it.

At this increased sensitivity of the kilogram balance,
the full-scale deflection of the beam (10,000 divisions) was
not 1 g. but about 65 mg., and the weights mounted within the
balance were not sufficiently subdivided for operation at
increased sensitivity. Fractional weights from a rhodium-
plated set of weights, manufactured by Wm. Ainsworth and
Sons of Denver, Colorado, and calibrated by the National
Bureau of Standards, Test Number G37168, were placed on the
pan of the balance when the balance was zeroed and were
removed as needed during a weighing.

The sensitivity of the semimicrobalance was zlso
increased by substituting the original sensitivity nut
weighing 1.79 g. with a heavier nut made of brass and

weighing 4.79 g. The sensitivity of the semimicrcbalance

was increased to 3 ug. per division. Despite the
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modifications described in this chapter, the zero-point of
the semimicrobalance at increased sensitivity could never be
stabilized sufficiently within the constant temperature box.
The cause of the problem was traced to the periodic
variation in relative humidity, up to 8 per cent, due to the
operation of the air conditioner in Room 137A and the
intermittent effect of the moisture exhaled by the operator
within the box. These changes in relative humidity notice-
ably affected the zero-point of the balance at increased
sensitivity by changing the density and the buoyancy of the
air, an effect which was pronounced because of the highly

asymmetric construction of the beam of the balance.
D. Removal of the Taring Mechanism

The Mettler Single-Pan, H315, Kilogram Balance and the
Mettler E51AR, Semimicrobalance are delivered equipped with
a taring mechanism by which an object on the pan of the
balance, an empty vessel for example, is counterbalanced as
the initial operation to a weighing. Experiment suggested
that at the high sensitivity at which the balances in this
study were operated, the taring mechanism was contributing
to a nonreproducibility in the zero-point. The taring
mechanism on both balances 1s a wire spring resembling the
spring of the balance wheel of a watch and is mounted

coaxially with the central knife edge. The central end of
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the spring is fastened to the beam so that the rotation of
fthe beam winds and unwinds the spring as the beam
oscillates., The taring force is appllied to the outer end
of the spring in such direction as to oppose the mass being
tared. Fortunately, the taring mechanism was readily

accessible; for the present work it was removed from both

balances.

E. Eliminating the Effects of

Statlic Electricity

By far the greatest trouble in stabilizing the balances
so that reproducible values for the zero-point could be
obtained derived from electrostatic effects. During early
work, the zero-point was observed to drift, often steadily
for two to three hours and then to reverse direction. The
initial drift was not always in the same directlon nor was
the rate always the same. At least by superficial
observation, the drift was not related to humidity. Just
how serious the effects were was driven home by observations
that persons within four feet of the balance caused the
zero-point (on repeated lowering of the beam from partial
arrest) to change slowly; by grounding such persons, and of
course, the operator, the drift was eliminated. From these
and other observations 1t became apparent that the balance

was acting as a very sensitive electrometer.
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By direct test it was found that the electrical
components of the H315 balance were all grounded through the
ground (green) wire of the 110 V.A,C. main. This was true
also of the H51AR semimicrobalance (all of the following
observations and statements apply equally to the H51AR).

Tne beam of the balance and the pan-weight assembly carried
on the stirrup were insulated from the structural components
of the balance and from each other by the sapphire knife
edges and plates; thus, no electrical pathways existed for
electrostatic charges to be drained off except through the
atmosphere. What appeared to be equally serious was that
the construction of the balances guite possibly made them in
effect variable electric condensers. The pan of the
balance, some 13 cm, in diameter, moved up and down facing a
thick glass plate, the floor of the weighing chamber, at a
distance of only 1.5 cm. The cover of the balance, although
of metal, was well coated with baked enamel and, as were the
side walls, was electrically insulated from the structural
members of the balance. Three walls of the weighing chamber
were of glass. It 1s apparent that the whole assembly would
act as an electrical capacitance and that the beam and
weight-pan assembly served as the moving component of an
electric indicating device.

There 1s a fair amount of literature, of course, on the

erratic effects of electrostatics on balances and weighings.



The subject, in fact, goes bvack to Charles Augustine

de Coulomb, who in 1785 (30) used a torsion balance in the
experiments which led to his famous laws describing gquanti-
tatively the effects of electrostatic charges. The so-called
"Attracted Disc Electrometer'" constructed by Harris (43) and

£ 447
erfected by Thomson (98) tc measure potential was

(o}

essentially a single-pan balance. The perfected model
consisted of two parallel plates, one of which was fixed
horizontally and mounted on an insulating stem and the other
of wnich was movable and attached to the longer end of an
asymmetric balance beam by a stirrup and knife edge; this
end of the beam was balanced by a large counterpoise attached
to the other, shorter end of the beam. The distance between
the plates was a measure of the difference in potential of
the two objects being studied. Fundamentally, in design and
response, the Mettler single-pan balances do not differ much
from such an instrument.

Among the methods of overcoming electrostatic effects
on the weighing process are two based on ionizing the air
within the balance and permitting time for the ions to carry
away the electrostatic charges; in one procedure a uranium
compound 1s placed within the case, iIn the other a Tesla
colil is operated in the neighborhood of the balance. In the
present work both of these techniques were used, but

principal reliance was placed on extensive grounding of the



components of the balances and of the operating personnel,
of shielding the balances from external forces by enclosing

them 1In a shell of metal, and of installing sharp points on

the moving parts.

1. Use of the Tesla coil

A Tesla coll, manufactured by the Fisher Scientifiec
Company of Chicago, Illinoilis, was used to dissipate electro-
static charges within the kilogram balance by operating the
Tesla coil in the neighborhood of the balance. A hole,
about 1 in. in diameter, was drilled through the cover of
the balance, just above the rear knife-—edge, to allow
diffusion cf ionilzed alr into the balance case; the hole was
covered during the normal operation of the balance. The
benefits of operating the Tesla coil in this manner were
minimal and, for routine work, proved a nuisance. In a
variation, the Tesla coil was operated within the balance
case. The Tesla colil was mounted in a one-hole, Number 9,
rubber stopper which was placed 1n a hole drilled in the
cover of the balance, toward the rear of the beam. Even at
the lowest setting of the coil, temperature effects from
operating it disrupted the smooth operation of the balance

and 1t was necessary to abandon this approach.

2. Radioactive material within the balance case

The 1dea of placing a uranium compound in the balance

case to obviate the effects of static charge is found in
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several texts of the 1920's dealing with microanalysis. The
practice has not been widespread of late, as bemoaned by

Le Gallic (60) who revived it in work involving the weighing
of microgram quantities. About the only literature found
presenting concrete, experimental data on the validity of
the procedure is the B.S. thesis of C. R. Chadwick (26),
Iowa State University, 1940; Chadwick, working in the
Department of Chemical Engineering, studied the effect of
the uranium in carncotite on the static charge developed on
a moving leather belt. Chadwick concluded that an effect
was obtained only when the belt was enclosed with the
carnotite in a box for an extended period; apparently the
effect, which was a significant reduction in static charge,
came about from the absorption by the belt of radon gas
emitted by the carnotite.

In the present work, plastic test tubes of 6 cm. 3
capaclty were filled with an uranium-bearing material and
placed within the balances. One tube containing 20 g. of
uranium metal turnings was placed in the weighing chamber
of each balance; two tubes, each containing 25 g. of uranium
tetrafluoride, were placed vertically in the upper chamber
of each balance, one tube near the stirrup-weight assembly
and the other near the rear knife edge. Each of the tubes
was open at the top except for a plug of cotton. A

qualitative check showed that the materials were radioactive
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and that the alpha-emission was sufficient to penetrate the

plastic of the containing tubes.

3. Electrical grounding and shielding

By removal of enamel to expose bare metal to make
electrical contact and by separate ground wires where
necessary, every component of the kilogram balance (and of
the semimicrobalance) was grounded electrically. The beam,
welght-pan assembly, and stirrup could not, of course, be
permanently grounded by an attached wire. To achieve the
same effect, movable rods were installed through bushings in
one wall. These rods carried, at the interior end, a fine
wire at a right angle. The movable rod was grounded and by
pushing the rod in so that the brush wire made contact with
the beam, or the pan, static could be drawn off just before
any weighing operation. By making the brush wire of very
Tine and flexible wire, the grounding contact was so light
as to cause no disturbance to pan or beam.

The large metal cover of the balance was also grounded
and to the bottom side of it was fastened a sheet of bronze
screen, the purpose belng to destroy any capacitance between
it and the moving beam. JSimilarly, sheets of screen were
used to cover the glass windows. A sheet of thin aluminum
was placed over the glass floor of the welghing chamber.

A grounded shell of aluminum sheet was bullt around the

kilogram balance. The sheets of aluminum had previously
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been used as offset printing plate, were 0.008 in. thick,
and were inexpensive and easily mounted. A grounded shell
was provided the semimicrobalance by connecting and
electrically grounding the layers of metallic foll covering
the sheets of insulating material which made up the constant
temperature box.

The operator and other persons in the balance room were
grounded by contact of a ground wire with the skin, most
conveniently by a bracelet.

Three fine rods ending in very sharp points (actually
made from sewing needles) were mounted on the insulated,
moving perts of the bazlance, cone each on the beam, stirrup,
and yoke (the latter being a component of the stirrup which
is actually constructed of two pieces (insulated from each
other and from the beam)). The theory of the fine point in
concentrating the electrostatic charge on a conductor and
of discharging it to the atmosphere is given in the text of
S. W. Hockey (48) although the technique was first called
to my attention by Professor C. A, Swenson. Another view
of the interior of the kilogram balance 1s shown in Figure
V-2; the sharp points, one of the ftubes contalning uranium
tetrafluoride, and the rod carrying the brush wire are

visible.



Figure V-2. Interior view of the Mettler Single-Pan
Kilogram Balance as modified to obviate
electrostatic effects. Note rod with brush
wire, tube containing uranium tetrafluoride,

and needle points
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P, Partial Arrest Stop

From preliminary observations, it was concluded that
one cause for the fallure to obtain a reproducible zero-
point was that the beam was being lowered into a slightly
different position each time released. The tremendous
forces exerted on a very small area éf the plates by the
mass concentrated on the knife edges must cause a depression
in the plates into which the knife edges fit and move in an
essentially rolling motion. Quite possibly the position of
the depressions varies from one lowering of the beam to the
next and ketter operation could be secured if the knife
edges were never removed from the plates, that is the knife
edges are kept partly locaded at all times. At least one of
the large balances used in standards work, such as is being
attempted in the present work, is constructed to operate in
this manner. This is the so-called "Kilogram Comparator"
of the National Bureau of Standards. This particular
balance is used for one operation only, the comparison of
kilogram masses, and the objects being weighed are moved on
and off the pan mechanically. The Mettler H315 balance
used 1in the present work is to be used to measure masses
over the entire range 1 g. to 1 kg.; a mechanical weight
transfer mechanism did not appear necessary, but the balance

was modified so that the knife edges remained in contact

with the plates through a sequence of weighings.
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A stop was added to the front of the balance so that
the arrestment lever could be stopped only part of the way
to full arrestment (clockwise motion, about 90° for full
arrestment). This partial arrestment was adjusted by
closely observing the space between the knife edges and
plates with a strong light properly located temporarily in

1
the upper chamber of the balance.

G. Thermal Insulation of Balances

It was discovered during early experiments that the
insulation on the kilogram balance and on the semimicro-
balance as received from the manufacturer was inadeguate for
work at the increased sensitivity obtained by replacing the
sensitivity nut with a heavier nut. This was true even when
the balances were mounted 1in the constant temperature box
within the constant temperature room; body heat and
radiation from the operator were sufficient to affect the
zero-point. For further thermal protection, the balances
were covered with sheets of insulating foam, 1 in. thick;
Figure V-3. The insulation used (the same as used for the
constant temperature box), as manufactured, waé covered on
one side with metallic foll; the metal foils of the various
pleces were connected electrically and grounded. A viewing
port was provided, the cover of which could be 1lifted when

it was necessary to see inside the weighing chamber.
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Semimicrobalance mounted in constant
temperature box and covered with thermal
insulation. Right hand door to weighing
chamber open
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It also became apparent that the operation of the lamp
which 1lluminated the optical reticule in the kilogram
balance (and in the semimicrobalance; again, all the
observations and changes reported here applied to both
balances) had a disruptive effect on the zero-point,
especially at the increased sensitivity. Continuous
operation of the lamp led to the undesirable condition of
a 0.5° difference in temperature between the front and rear
of the balance as measured by 0.1° mercurial thermometers
mounted at these positions through holes in the cover.

Temperature effects caused by the operation of the
lamp were finally eliminated by modifying the electrical
system of the balance and by rebuilding the housing assembly
of the lamp. As delivered by the manufacturer, movement of
The arrestment lever of the balance from full arrest turns
on a 6-V lamp powered by a transformer located within the
balance case. It was necessary to disconnect this trans-
former and power the lamp from another 6-V transformer,
driven by an auftotransformer, both located outside the
balance case. The assembly carrying the lamp was removed
from the mounting on the rear of the balance and remounted
with shielding between the lamp and the balance. This
shielding, progressively from the lamp to the balance case,
consisted of (1) a Corning AKLO filter (Glass Number 3965,

a glass which absorbs infrared but transmits the visible
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part of the spectrum), 2 mm. thick; {(2) a sheet of black
Bakelite, 12 mm. thick, with a 12 mm. hole; (3) a sheet of
Plexiglass, 1 mm. thick; (4) a sheet of aluminum, 0.02 mm.
thick, which extended out and back over the preceding
shielding and covered the assembly; and finally (5) another
sheet of black Bakelite. Optical alignment proved
relatively easy and this source of temperature trouble was
eliminated.

In preliminary experiments, the original lamp was
replaced by a battery powered "Flexible Examination Light"
manufactured by Hoyt Laboratories, Needham, Massachusetts;
this 1s basically a flash light with the lamp in a long
flexible probe; it is used primarily in dentistry and in
rust-proofing work. This lamp projects an intense, highly
directional beam and operates at essentially room tempera-
ture. This lamp performed satisfactorily but some difficulty
was experienced in aligning the lamp and the assembly

described above proved more convenient 1in practice.
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VI. ABSOLUTE DENSITY CYLINDER FOR THE

DETERMINATION OF THE DENSITY OF AIR
A. Introduction

Hollow, stainless steel spheres and cylinders were
described in my M.S. thesis (38) for the rapid and
convenient determination of the density of air. By weighing
one of these hollow objects and its counterweight, the
density of air could be calculated,

for the stainless steel spheres by

Yow,a “ Yss,a ¥ @
= > ) VI-
da T (VI-1)
ss ~ Vew T Yy ( ew,a wss,a)

or for the stainless steel cylinders by

wcw a wc a t O
d, = 2 ly’ (VI-2)
ch “Vew t 5%'(wcw,a - wcy,a)

In these egquations, o is the difference in mass of the
hollow object and its counterwelght in vacuum. Callibration
of these objects, whether a hollow vessel or a counter-
weight, consisted in determining the external volume by
hydrostatic weighing and the mass in vacuum from the mass
in air by applyiﬁg the correction for buoyancy. The
density of air needed for the correction was calculated
from the prevalling barometric pressure, temperature, and

relative humidity. The mass observed in the hydrostatic
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welghing, that 1s, when the object was immersed in the water,
was also corrected for the buoyancy of air (on the weights).
Thus, a calculated density of air entered into the cali-
bration of an object in two ways. Any value calculated

later for the density of air using equation (VI-1) or
equation (VI-2) was based on the density of air prevalling

at the time the calibration of the hollow object and the
counterwelight was made, and thus, on the assumption made

then that the formula used to calculate the density of air
was correct. Pontius (86) questioned this assumption.

The way around this difficulty, that is, to make an
"absolute" or "direct" measure of the density of air, one
not involving or based on a known, prior density of air, 1is
to either weigh the hollow vessel (and a counterweight) in
an actual vacuum or to make the vessel (and a counterweight)
in some regular geometric shape, measure the dimensions
precisely, and calculate the volume. If either method alone
i1s used, the absolute density could be obtained by a series
of approximations. If both mass in vacuum and volume
calculated from the dimensions could be obtained, the
absolute value for the density could be obtained directly.

The volumes of the hollow, stainless steel objects
described in my M.S. thesis could not be calculated from
their dimensions. The diameter of the spheres was scme

0.020 in. greater through the poles than through the
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eguator and the approximation to a regular ellipscid too
poor to be useful, The ends of the hollow cylinders were
re-entrant caps (see Ref. 38, Figure 7, p. 51) and too
irregular to allow a calculation. For the work described

in the present dissertation, a hollow stainless steel vessel
in the form of a right cylinder and a counterweight in the
form of a tube were constructed and calibrated. The volume
of each object was calculated from the dimensions and also.
as a check, determined by hydrostatic weighing. The actual
mass in vacuum was obtalned using the vacuum weighing bottle

described in Chapter VII.

B. The Construction and Measurement of an

"Absolute Density" Cylinder

A hollow, right cylinder of stainless steel, termed
throughout the remainder of this dissertation as an
"absolute density cylinder", was constructed from stainless
steel tubing 1 in. outside diameter and 0.010 in. wall
thickness. Three such cylinders were made. A cap, machined
as shown in Figure VI-1, was fitted into each end of the
tubing; the wall of the cap was 0.020 in. thick. An
extension around the periphery of the cap fitted snuggly
into the tubing and provided a heat sink which prevented the
tubing from melting during the welding. The welding was

done by the electron beam technique, which, being conducted



Figure VI-1. Cross section of cap closing the ends
of the absolute density cylinder
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under vacuum, left the cylinders evacuated within. The
welds were machined smooth and the surface of the cylinder
was polished on the lathe with aluminum oxide and gentle
pressure applied with the fingers. The polishing was
continued until the cylinder was mirror bright. Each of
the three cylinders made were about 2.45 in. long, weighed
3.
5

about 17 g., and had a density of about 0.5 g./cm. see

FPigure VI-2.

Figure VI-2. "Absolute density cylinder™ with solid and
tubular counterweights
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The external volume of the absolute density cylinder
was determined by making measurements of length (26 measure-
ments) and diameter (56 measurements) using a Sheffield
optical comparator (Sheffield Corporation, Dayton, Ohio),
Model Number 1000, Serial Number 541621RS, calibrated with
grade A gage blocks manufactured by the DoAll Company of

Des Plaines, Illinois (Set 340R, Serial Number 2026,

6/°F). The optical

coefficient of expansion: 6.5 x10
comparator, which was graduated to 0.000,1 in. but readable
to 0.000,02 in., and the gage blocks were the property of
the Physics Machine Shop, Iowa State University. where the
measurements were made. The temperature in the vicinity of
the optical comparator was measured with a Matheson
mercurial thermometer graduated to 0.1°. The cylinders were
handled by gloved hands only.

The volume of the cylinder was calculated from the

dimensions recorded using

2
v = n(—123-> L (VI-3)

The relative uncertainty in the calculated volume was

calculated using

av _ 24D _ dL (VI-4)

an expression derived by differentiating equation (VI-3)

and dividing the resulting equation by equation (VI-3).
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For absolute density cylinder Number 1, the data
obtained was
t = 22.5°
L = 2.461,50 in.
o, = 0.000,32 in.
D = 1.001,41 in.

o = 0.000,43 in,

D
V = 1.938,70 in.> (31.769,82 cm.S)
4V/V = 0.990 parts in 103

For absoclute density cylinder Number 2, the data

obtained was

ct
il

22.50

I = 2.453,10 in.

. = 0.000,20 in.

D = 1.002,05 in.

o~ = 0.000,57 in.

V = 1.934,57 in.> (31.701,98 cm.d)

av/v 1.22 parts in lO3

For absolute density cylinder Number 3, the data
obtained was
t = 22.5°
L = 2.452,12 in.
o, = 0.000,16 in.
D = 1.001,40 in,

o~ = 0.000,39 in.
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V = 1.931,27 in.S (31.647,88 cm.3)

4V/V = 0.844 parts in 107

The relative uncertainty in the calculated volumes of
the cylinders, about one part per thousand (1 p.p.t.) was
about a half order of magnitude greater than required to
determine the density of air to better than 1 p.p.t., and
it was still considered unacceptably high. In the
calculation, the uncertainty in the diameter is weighted
more heavily than that in the length, equation (VI-4), but
the uncertainty in the measurements themselves cf the
diameters were about twice that of the lengths. This
uncertainty in the diameter reflected the quality of the
stainless steel tubing used. Thilis tubing was material which
had been stored in the bins in the shops for some time, new
commerclal tubing of the specifications needed not being
available from any mill or supplier. Although the lengths
of tubing used were carefully selected, the tubing finally
used was somewhat dented and scratched. Considerable effort
was devoted to the possibility of improving the surface and
geometric regularity of the cylinder by grinding. The
experts in ten machine shops from Providence, Rhode Island,
tc¢ Denver, Colorado, unanimously agreed that it was
impossible to grind any thin-walled vessel successfully.
Peiling in this direction, a device was invented for

lapping the cylinders with polishing compound.
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C. Adjustable Lapping Block for Cylinders

An adjustable lapping block, Figure VI-3, for polishing
the absolute density cylinders was fabricated from a block
of brass 3.0 in. long, 1.5 in. wide and 2.4 in. high. A
channel was milled in one of the narrow faces, 0.75 in. wide
and 0.625 in. deep. A hole, 1 in. in diameter, was drilled
through the block along the long dimension and honed smooth.
A slot 0.16 in. wide was cut from the channel into the bore,
this slot extending the entire length of channel and bore.
Holes were drilled through the sides of the channel and
threaded bolts passed through the holes. By tTurning the
four nuts placed on each of the three bolts, the diameter of
the bore could be varied easily, changes in the diameter of
the bore being followed precisely by measuring the width of

the slot with feeler gages.

Figure VI-3. Adjustable lapping block
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For lapping, a cylinder was mounted horizontally on a
lathe, one end of the cylinder being attached to the end of
a steel rod of slightly smaller diameter which was held in
the chuck of the lathe. The end faces of the cylinder and
rod were fastened together with Ridge-X, a lapidary wax
manufactured by M. Argueso and Company of Momaroneck,

New York. Early attempts at lapping involved the use of
suspensions in water of Linde A (0.3 micron alumina) which
was to be followed by lapping with Linde B (0.05 micron
alumina); both grinding compounds are manufactured by
Buehler Ltd. of Evanston, Illinois. During lapping, however,
the water evaporated and the surface of the cylinder became
scratched. The alumina was replaced with Grade L-A, Clover
Lapping and Grinding Compound, carborundum in an oil base
manufactured by the Clover Manufacturing Company of Norwalk,
Connecticut. The procedure for lapping included placing the
lapping block around the mounted cylinder and tightening the
block, adding the suspension of grinding compound, and
turning the cylinder slowly on a lathe (39 r.p.m.); the
lapping block was moved back and forth by hand along the
length of the cylinder as the cylinder turned. The nuts on
one side of the block were tightened at half hour intervals
by about 0.002 in. to insure continued and uniform grinding.
The removal of between 0.001 and 0.002 in. from the diameter

of a cylinder took about eilght hours of lapping. The lapping
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was concluded by peclishing the cylinders by hand using
polishing cloth (Buehler Microcloth) while the mounted
cylinder was turned at about 350 r.p.m. on the lathe.
Cylinders Number 2 and Number 3 were polished in this
manner. The lapping process was slow, about eight hours
being required to eliminate the surface defects and obtain
a high polish; the diameter of cylinder Number 2 was reduced
during this time by 0.001,72 in. and that of cylinder Number
3 by 0.001,11 in. The dimensions of each cylinder were
again measured, 26 measurements of length and 56 measurements
of diameter, using the optical comparator. For cylinder

Number 2, the data obtained were:

L = 2.453,79 in. t = 24,20

o, = 0.000,14 in.

D = 1.000,36 in. £ = 24.0°

oy = 0.000,26 in.

V = 1.928,66 in.S (31.605,11 cm.3) t = 24.1°
dV/V = 0.597 parts in 10°

and the data obtained for absolute density cylinder Number 3

were
L = 2.452,51 in. t = 23.7°
o; = 0.000,12 in.
D = 1.000,29 in. t = 23.4°
G, = 0.000,17 in.
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V = 1.927,33 em.>  (31.583,34 om.3) t = 23.55°

0.389 parts in lO3

av/v
The volumes directly above are given at the average tempera-
ture prevailling in the vicinity of the optical comparator
during the measurements of the dimensions of each cylinder
and were calculated after correction of the length and

diameter to that average temperature using the coefficient
of expansion for Type 304 stainless steel, 9.6:{10—6/°F.
The results of the lapping are more readily seen if
the dimensions of the cylinders after lapping are corrected
to 22.5°, the temperature at which the measurements of the

dimensions before lapping were made:

Cylinder Cylinder
Number 2 Number 3
Diameter (22.5°)
pefore lapping, D 1.002,05 in. 1.001,40 in.
o 0.000,57 in. 0.000,39 in.
after lapping, D 1.000,33 in. 1.000,29 in.
o 0.000,26 in. 0.000,17 in.
difference, D -0.001,72 in. -0.001,11 in.
Length (22.5°)
before lapping, L 2.453,10 in. 2.452,12 in.
o] 0.000,20 in. 0.000,16 in.
after lapping. L 2.453,71 in. 2.452,51 in.
o 0.000,41 in. 0.000,12 in.

difference, L +0.000,61 in. +0.000,39 in.
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The lapping reduced the uncertainty in the diameter of each
cylinder to somewhat less than half of the earlier
uncertainty, and of course, the uncertainty in the calculated
volumes was correspondingly reduced, The length of each
cylinder increased slightly during the lapping, for cylinder
Number 2 by 2.52 parts in 104, and for cylinder Number 3 by
1.5 parts in 104; the uncertainty (standard deviation) in
the measurements of the length was reduced.

During subsequent work wifh these cylinders, it was
found that both had developed leaks during the lapping and
had been made useless. Thus, although the lapping effected
precisely the desired improvement in the characteristics of
the cylinders, the work was for nothing.

Apparently, the stresses produced or relieved during
the lapping caused the weld to crack. I recommend that
hollow cylinders made in the future be fabricated by boring
a rod of stainless steel leaving a bottom intact so that

only one cap need be welded on and that the metal around the

welding joint be made heavier.

D. Additional Measurement of the Dimensions

of Absolute Density Cylinder Number 1

Because absclute density cylinders Number 2 and Number 3
were rendered useless by leaks developed during lapplng,

absolute density cylinder Number 1 was used for the work
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described subsequently. The uncertainty in the volume of
cylinder Number 1, as calculated from the dimensions,
1l p.p.t., was unacceptably large, lapping to improve the
characteristics of the cylinder appeared to be ruled out,
and lacking any other approach, it appeared advisable to
repeat the measurements of the dimensions., Actually, three
additional measurements of the volume were made: another
determination by direct measurement of the dimensions, a
determination of the volume by hydrostatic weighing in
water, and a determination of the volume by hydrostatic
welghing in a fluorocarbon solvent.

The dimensions of cylinder Number 1 were measured by
Mr. Clifford C. Hach in the shop of the Hach Chemical
Company, Loveland, Colorado, using a Federal Electronic
Gauge, Model EAS-1i233, manufactured by the Federal Gauge
Company of Providence, Rhode Island. This instrument was
calibrated with a set of Grade A gage blocks, Set BEI-81-A4,
Serial Number 720026, manufactured by Mitutoyo. Thirty-
three measurements of length and twenty-two measurements of
Giameter were made. The temperature at which the measure-
ments were made was 20.1°. The data obtained for cylinder
Number 1 by Mr. Hach was

20.1°

ct
]

2.462,38 in,

=
1]

0.000,29 in.

Q
I
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D = 1.001,40 in.
o = 0.000,43 in.
V = 1.939,37 in.3 (31.780,54 cm.3)
dv/Vv = 0.977 parts in 103

The uncertainty in the calculated volume of cylinder Number
1 weas almost identical for measurements made at Iowa State
University and the Hach Chemical Company, as were the
respective standard deviations in length and the respective

standard deviations in diameter.

E. Determination of the Volume of Cylinder

Number 1 by Hydrostatic Weighing in Water

The volume of absolute density cylinder Number 1 was
determined by three hydrostatic weighings in water. The
hydrostatic weighing method of determining the volume of
such an object of density less than water iInvclves thre
weighings: (1) the mass of the object in air (2) the mass
of the immersion cage in water, and (3) the mass of the
object and immersion cage in water.

The mass in vacuum of cylinder Number 1 was calculated
from the mass of the cylinder in air. Cylinder Number 1 was
welghed by double substitution in the constant temperature
box using the Mettler Model H51AR Semimicrobalance and a set
of Ainsworth, rhodium-plated brass, two-piece weights,

Serial Number 9156, calibrated at the National Bureau of
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Standards in 1944 and 1967 (Mass and Volume Section) and in
1974 (Electricity Division). The prevailing barometric
pressure, temperature, and relative humidity were measured
respectively with the Friez mercurial barometer mounted on
the west wall of the box, platinum resistance thermometer
Number 2 located in the balance case, and an Airguide,
Model 113B. hygrometer; the density of air was calculated
using equation (III-4).

The weighing of cylinder Number 1 by double substitution
involved_two weighings. First, the cylinder was weighed
against the internal weights of the semimicrobalance.
Adopting the symbolism developed in my M.S. thesis, the

Torces acting during this weighing are represented by

- davw,HSI + ch (VI-5)

Tey = %4Vey = Tw,E51
in which the subscript W,HS51 represents the weights remain-
ing on the beam of the semimicrobalance and ch represents
the reading on the optical scale recorded while weighing the
cylinder and converted to mass by multiplication by the
sensitivity of the balance. The optical scale was cali-
trated using the 50.00-mg. weight from the Ainsworth set.
Next, the cylinder was replaced with weights from the set of
calibrated, two-plece welghts equivalent to the mass of the

cylinder in air:; the weights within the semimicrobalance

were left undisturbed. The forces acting during this second
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weighing can be represented

+ (Vi-6)

Wey,a = 9%V = Tw,es: ~ %Vw,ms1 + Pw

Equating equations (VI-5) and (VI-6) and solving for Tcy’

the mass in vacuum of cylinder Number 1 is

Tcy = ch,a + (BW - ch) + da(Vcy ~ Vw) (VI-7)

The mass in vacuum and the volume of the Ainsworth weights
used were obtalned using the data given on the calibration
sheet supplied by the National Bureau of Standards (see
Appendix II of my M.S. thesis). The volume of the Ainsworth
weights was corrected to the temperature at which the
welghings were made in the constant temperature box 29.36°,
using the coefficient of cubical expansion for brass (85),
5.4%x107°/°. The value used for the volume of cylinder
Number 1 was an average of the values obtained from the
dimensions at Iowa State University and the Hach Chemical
Company and corrected to 29.36°. The data used for calcu-

lating the mass in vacuum of cylinder Number 1 were

T 17.012,436 g,

W
V., = 2.028,537 om.> at 29.36°
- 3
ch = 31.786,5 cm.” at 29.36°
B, = 0.011,10 g.
By = 0.012,08 g.
for which T .= 17.046,96 g.

cy
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The weighing of cylinder Number 1 in water was performed
in Room 137A using the Ainsworth TCX double-pan balance and
supporting assembly described in detail and shown in Chapter
V of my M.S. thesis., The immersion cage was eguipped with a
damping vane and was hung on a four-point monofilament fish
line which attached through an S-shaped piece of chromel
wire to the lower end of the gold chain hanging from the left
stirrup of the balance. Deionized water was placed in a
4-liter beaker located in the lower chamber of the supporting
assembly; the temperature of the water was measured using a
Matheson, mercurial thermometer graduated in 0.1°. The
density of the water was obtained from Table A-2 of Diehl's
Quantitative Analysis (Ref. 34, page 41l).

Measurements of temperature, barometric pressure, and
relative humidity were made during each welghing of cylinder
Number 1 in water and were used to calculate the density of
air. The temperature of alr was measured with a Matheson,
mercurial thermometer graduated in 0.1° and positioned within
the case of the double-pan balance. The relative humidity
was measured to the nearest 0.5 per cent with the Alrguide
hygrometer. The barometric pressure was measured with the
Friez, mercurial barometer mounted on the west wall of the
constant temperature box; the door of the box was propped
open while the welghings in water were performed so that the
barometric pressure within the box and Room 137A were

identical.
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The weighings in water wers made by substitution. The
cage and vane were hung in the water and balanced with a
tare placed on the right pan; actually the tare consisted of
weights from another set of weights plus the weights added
‘ by the keyboard mechanism of the double-pan balance (less
than 0.1 g.). The cylinder was then placed in the immersion
cage and weights from the Ainsworth, rhodium-plated set were
added to the left pan to return the center of swings nearly
to the center of swings observed with the cage empty; the
final adjustment was made by changing the weights on the
keyboard. The weight added to the left pan less the change
in the keyboard welights and any minor deviations from the
center of swings observed with the cage empty was
designated wc ’HZO. In this manner, the balance was
operated at constant load and any difference in the length
of the arms of the balance was cancelled The sensitivity
of the balance during the weighings in water was 1.0 mg. per
scale division.

The forces acting during the weighing of the empty cage

can be represented by

T

_ Tare
Te =94 0V = Trape ~ % T (VI-8)
Tare

The forces acting during the welighing of the cylinder and

cage in water can be represented by
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d
- a
T, -V, _d; + T - d V + W . - — W =
cy cy H20 c HZO C cy,hzo dw cy,HZO
T
— . Tare
Tare ~ %2 @ (VI-9)

Equating equations (VI-8) and (VI-9) and solving for ch,

the volume of cylinder Number 1 was given by

cy,ﬂ20
T + W . - —_——
v ) cy cy,hzo dW
cy dy o (VI-10)
2

Three sets of welghings in water were performed. The
density of the weights was 8.4 g./cm 3. For the first set

of weighings in water, the data obtained were

wcy,H20 = 14.661,2 g.
d, = 0.001,148,0 . /cm.>
= )
tHZO 22.15
d. . = 0.997,764 g./cm.>
H-O
2 3

for which VC 31.777,2 cm.

¥
For The second set of weighings in water, the data

obtained were

wcy,H20 = 14.662,6 g.
d_ = 0.001,147,1 g./cm.’
tHZO = 22.3°
% 0 = 0.997,724 g./cm.>
for which V__ = 31.779,9 cm.S

cy
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For the third set of weighings in water, the data

obtained were

wcy,HZO = 14.660,7 g.
d, = 0.001,148,1 g./cm. 3
= (o)

tHZO 22.3

dy o = 0.997,724 g./cm.”
2

for which V,, = 31.777,9 cm. 3
The average volume of cylinder Number 1 as determined

3 at

by hydrostatic weighings in water was 31.778,3 cm.
22.3°, the relative standard deviation in the volume being

4.4 parts in 105.

F. Determination of the Volume of Cylinder Number 1

by Hydrostatic Weighing in FC-75

The volume of absolute density cylinder Number 1 was
determined by four hydrostatic weighings in FC-75. FC-75 is
the electronic grade of FC-80, a completely fluorinated
liguid composed largely of perfluorobutyltetrahydrofuran and
its isomers; at least eight peaks have been recorded for
FC-30 by gas chromatography (71). Bowman, Schoonover,
and Carroll used rC-75 (8) at the National Bureau of
Standards for hydrostatic weighings performed to determine
the density of four pieces of single-crystal silicon subse-
guently used as density standards. Bowman, Schoonover and

Carroll cited three advantages gained by substituting FC-T75
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for water during hydrostatic weighings. First, the density
of FC-75, about 1.77 g./cm.3, is almost twice that of water
SO0 the precision for weighings iIn FC-75 can be almost double
that realized when water i1s used. Secondly, problems
arising due to the large and variable surface tension of
water are lessened as the surface tension of FC-75 is
one~-fifth that of water (15 dyn./cm. for FC-75, 75 dyn./cm.
for water). The third advantage of FC-75, the one I
consider the most important, 1s the vast ability of FC-75 to
dissolve gases. For example, the solubility of oxygen in
FC-75 is about 17 times greater than in water at 25°, the
solubility of oxygen being 2.9 ml. 02/100 ml. water but
48.8 ml. 0,/100 ml. FC-75 (93). During my work with FC-T75,
I noticed none of the small bubbles of air that cling to
objects in water and plague hydrostatic weighings in water;
in fact, these finy bubbles never formed on the cylinder
while it was in FC-75.

Each welghing of cylinder Number 1 in FC-75 was
bracketed by two determinations of the density of FC-75.
The density of FC-75 was determined by weighing in FC-75
a cube of single-crystal silicon obtained from the National
Bureau of Standards.

The mass in vacuum of the silicon cube, TSi’ was calcu-
lated from data obtained by weighing the cube by double

substitution in the constant temperature box using the
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Mettler, Model M5, Microbalance and the 20 g. weight from
the set of Ainsworth, rhodium-plated brass weights. The
prevailing temperature, barometric pressure, and relative
humidity were measured with the same instruments used while
welghing cylinder Number 1 by substitution in the constant
temperature box; the density of air was again calculated
using equation (III-4). The mass in vacuum of the cube was

calculated using an expression derived in the same manner as

equation (VI-7)

- _si,a a W (VI-11)

The density of the silicon cube was calculated by correcting
the average density of the four pleces of single-crystal
silicon used by Bowman, Schoonover and Carroll (8) in their
werk, 2.329,120,5 g./cm.3 at 20°, to the temperature at
which the mass in air of the cube was determined, 26.74°,
the coefficient of linear expansion for silicon being
2.56;{10_6/°C; the density of the silicon cube at 26.74°
was 2.329,000 g./cm.3. The volume of thé Ainsworth weight
was also corrected to 26.74°. The mass in vacuum of the
silicon cube was calculated to be 20.010,875 g.

The silicon cube was weighed by substitution in FC-75.
Again, two welghings were involved but, since the silicon

cube was denser than FC-75, the order of the weighings was
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reversed from that used in weighing the cylinder in water;

first the immersion cage was loaded and weighed

Te, - d (E§i) + T -4 (EE) =T - d (33523)
Si ¥C Ggy c rC dc Tare a dTare'
(VI-12)
and then the cage was weighed empty
W
Si,FC . cy _
wS ,FC T da( i ) + Tc Ga(d ) TTare
TTare
d, ( ) (VI-13)
Tare

Equating equations (VI-12) and (VI-13) and solving for Apeos

We.
Si,FC
Tsi = Wsi,we * 9a a
dpe = _ (VI-1L)
“Si
dgy

The density of the silicon cube was corrected to the average
temperature at which the cylinder was weighed in ¥FC-75,
23.95°, the density of the cube being 2.329,050 g./cm.3 at
this temperature. The density of air was calculated from
the prevalling temperature, barometric pressure, and
relative humidity for all weighings in FC-75 from measure-
ments made with the same instruments used to measure the
prevailing conditions during the weighings in water. The
sensitivity of the balance during the weighings in FC-75 was

0.28 mg. per scale division.
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The volume of cylinder Number 1 was determined by

hydrostatic weighings done by substitution in FC-75. The
equation used to calculate the volume of the cylinder,
derived in the same manner as equation (VI-10), was
aw
T o+ W _ _a& cy,FC
cy cy,FC W
v = VI-1
ey . ( 5)
For the first set of weighings in FC-75, the data
obtained were
ch,FC = 36.127,51 g.
d, = 0.001,140,0 g./cm.>
= o
tFC 23.9
dFC = 1.767,45 g./cm.3
for which ch = 31.779,8 em.

For the second set

obtained were

of weighings in FC-75, the data

Wy wo = 39-123,92 g.
da = 0.001,141,5 g./cm.3
= o)
tFC 23.9
- 3
dFC = 1.767,32 g./cm.
for which ch = 31.780,0 cm.3

For the third set of weighings in FC-75, the data

obtained were

=
|

ey, FC

(e}
Il

= 39.
0.001,1L40,5 g./cm.3

122,5 g.
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tpo = 23.95°
dpe = 1.767,28 g./cm.’
for which ch = 31.780,0 em. 3

For the fourth set of weighings in FC-75, the data

obtained were

ey 5c = 31-120,9 €.
a, = 0.001,138,2 g./cm.3
— (o]
th = 24,0
dpe = 1.767,16 g./cm.3
for which Vo, = 31.781,1 em. 3

The average volume calculated for absolute density
cylinder Number 1 from the hydrostatic weighings in FC-75

was 31.780,2 cm.3 at 23.95°, the relative standard deviation

in the volume being 1.6 parts in 105.

G. Comparison of the Results Obtained for the

Volume of Cylinder Number 1

A summary is given 1n Table VI-1 of the values obtalned
for the volume of cylinder Number 1, corrected to 22.5°, as
determined in the four determinations described above:

(1) measurement of the dimensions at Iowa State University,
(2) measurement of the dimensions at the Hach Chemical
Company, (3) hydrostatic weighing in water, and (4) hydro-
static weighing in FC~75. The average of all four values

for the volume of the cylinder at 22.5° was 31.777,7 cm.3.
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Table VI-1. The volume of cylinder Number 1 determined by
several methods?

a. Calculation from Measurements of the Dimensions

Uncertainty in the
Calculated Volume,

Site of Experiment Volume, cm.3 parts per lO5
Iowa State University 31.769,8 99.3
Hach Chemical Company 31.784,4 97.7
difference 0.014,6 em. 3
mean 31.777,1 cm.3
b. Hydrostatic Weighing
Relative Standard
Deviation,
Immersion Liguid Volume, cm.3 parts per 105
Water 31.778,6 4,40
FC-75 31.777,8 1.6°
difference 0.000,8 em. 3
3

mean 31.778,2 cm

8411 volumes given have been corrected from the
temperature at which the volume was determ%ned to 22.59;
linear coefficient of expansion, 9.6 x 107°/°F.

bThree determinations.

CFour determinations.
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The standard deviation in the volume obtained by averaging
all four values was 0.006,0 cm.3 or, on a relative basis,

1.9 parts in 10“.

The agreement between the mean values for the volume
of cylinder Number 1 obtained from the measurements of the
dimensions and that obtained from the two hydrostatic
weighings, the difference being only 0.001,2 cm.3, is
remarkably good. Clearly, however, the results obtalned by
the hydrostatlc weighings are far more precise, the
uncertainties (relative standard deviations) being 4.6
(water) and 1.6 (FC-75) parts in 100,000 compared to
98 parts per 100,000 for that from the dimensions., Clearly,
the hydrostatic weighing using the fluorinated hydrocarbon
PC-75 as the transfer liquid gave results superior to those
using water.

The entire experience simply followed, and took
advantage of, the work at the National Bureau of Standards
which culminated the high-precision evaluation of the
Avogadro constant (32), probably the finest piece of
experimental work ever done in North America. That work,
which involved the high-precision determination of the
density of elemental silicon involved also, as a transfer
sollid, the determination of the mass of a steel object of
regular geometry. A sphere was chosen as the geometric

configuration from which the volume could be calculated
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from the dimensions, and the problem was, in this respect,
easier than mine becauée the sphere was a solid and could

be machined precisely by grinding using the manufacturing
techniques developed and highly perfected for making ball
bearings. The measurements of the diameter of the steel
sphere were made by the interference method (32,58) and the
final uncertainty was less than 1 p.p.m. The choice of the
fluorocarbon liguid as the transfer liguid (8), after the
use of water and the unsurmountable difficulties in its use
had been thoroughly explored (9), was brilliant, and the
confirmation I offer here was hardly necessary. In
retrospect, then, perhaps it was not even necessary to make
a cylinder of perfect geometry. And in retrospect, the
volume obtained through FC-75 against elemental silicon,
31.777,8 cm.3, may be the best of the values reported in the
table above, although I am uncertain as to the origin of the
elemental silicon used other than that it came from a lot
which was part of the stock at the NBS.

I consider 31.778.2 cm_.3 at 22.5°, the volume obtained
by averaging the results of the hydrostatic weighings, to be
the volume of cylinder Number 1. Although this value for
the volume 1is almost identical to the value obtained by
averaging the results calculated from the dimensions and to
the value obtained by averaging the results of all four

dimensions, the results obtained from the hydrostatic
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weighings are an order of magnitude more precise than those
cbtained from the dimensions and certainly more reliable
than any value which included the results obtained from the
dimensions. TFurther, the hydrostatic weighings were
performed under conditions in which better monitoring and
control of temperature could be exercised than those

existing during measurement of the dimensions.

H. Construction and Determination of the
Volume of Tubular Counterweight for

Cylinder Number 1

A tubular counterweight was constructed for use with
absolute density cylinder Number 1 in determining the
density of air. The density of air could be determined by
weighing the cylinder and then the counterweight using the
microbalance and applying equation (VI-2), The tubular
design was chosen so that both mass and surface area of the
counnterweight could be made as close to the mass and surface
area of the cylinder as possible. By matching cylinder and
counterwelght 1in surface area, it was hoped to obviate
effects of changes in the amount of adsorbed moisture
resulting from changes in humidity.

The tubular counterwelght was constructed from
Carpenter 20CB3, a stainless steel which 1s highly resistant

to corrosion; see Chapter X. The dimensions of the
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counterwelght were chosen such that: (1) the mass of the
counterwelight was within 1 mg. of that of the cylinder
(cylinder Number 1) in air, (2) the surface area of the
counterweight was approximately equal to that of the
cylinder, and (3) the outer diameter of the counterweight
was such that the tubular counterweight would fit into the
weighing bottle. The first and second requirements are
described mathematlcally by

2 2., 2 2
2WRe H + 2WRi E + 2W(Re - Ri ) (VI-16)

Acy - Acw

2 2
1 = A = - -
ch Ncw d, VC dC WH(Re Ri ) (VI-17)

in which Re and Ri are the external and internal radii of
the tube, respectively, and H is the height. Solving both
eguations for H, equating the resulting expressions, and

solving for Ri, an equation for the internal radius of the
tube was obtained

2
d R "A P

cw e "¢y _ 2 _ 5
R, = 3 A (VI-18)
1-2+33
cy

An approprilate value for Re was chosen and a rod of the
stainless steel was cut on the lathe to the chosen external
diameter. The internal radius was then calculated and the

rod was bored and honed to an internal diameter which was
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slightly smaller than twice the value calculated using
equation (VI-18). The tube was weighed and material was
removed from the inner wall of the tube by honing until the
masses in air of the cylinder and tubular counterweight were
within several milligrams. The counterweight was polished
with Linde B and pressure applied with the fingers; the
final mass of the counterweight was adjusted to within one
milligram of the cylinder by carefully polishing one end of
the counterweight with 600-grit emery cloth.

The volume of the tubular counterweight was determined
from the dimensions measured using equipment at Iowa State
University and the Hach Chemical Company and from hydrostatic
weighings in water and FC-75. The volume of the counter-
weight was calculated from the dimensions using

De 2 D, 2
AN
in which De and Di are the external and internal diameters
of the tube, respectively. An expression for the uncertainty
in the volume of the tube was derived by differentiating
and H and dividing

equation (VI-19) with respect to De, Di’

the resulting expression by equation (VI-19) to give

av 29D, 24D, d4H —_
—V_— ] 2 -— 2 - ‘H‘“ ( —c.O)
Di De
D1 - =) Dy (- 1)
D i
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Thirty-six measurements of the outer diameter and
sixteen measurements of the height of the tubular counter-
weight were made at Iowa State University using the optical
comparator calibrated with gage blocks. The internal
diameter of the tube was determined by forty measurements
made with a Scherr-Tumico snap gage (Scherr-Tumico Company,
St. James, Minnesota) and the optical comparator., The
internal diameter was measured by inserting the snap gage
into the tube, allowing the probe of the snap gage to expand
to the internal diameter of the tube, locking the snap gage,
and removing the snap gage from the tube for measurement
using the optical comparator. The data obtained at Iowa

State University for the tubular counterweight were

D, = 0.944,92 in. t = 22,25°
o5 = 0.000,29 in.

D: = 1,000,28 in. t = 27.2°
p, = 0.000,14 in.

H = 1.511,35 in. t = 27.4°
o, = 0.000,13 in.

for which at 22.25°

V = 0.127,811 in.3 (2.091,10 em.3)

4V/V = 2.27 parts in 105
The external diameter and height of the tube were corrected
to 22.25° using the coefficient of linear expansion of

304 stainless steel, 9.6 x 10_6/°F.



145

Twenty-eight measurements of the external diameter and
twenty-seven measurements of the height of the tubular
counterweight were made by Mr, C. C. Hach in the shop of the
Hach Chemical Company using the Federal Electronic Gauge
calibrated with gage blocks. Mr. Hach also made twelve
measurements of the Internal diameter of the tube using a
Boyce Acra-cord CMM, Model C-301, Serial Number XY0579-497,
connected to a Hewlett-Packard 9815A calculator. The data

obtained by Mr. Hach for the tubular counterweight were

£t = 20.1°
D, = 0.945,04 in.
Op = 0.000,17 in.
D: = 1,000,33 in.
ODe = 0.000,19 in.
H=1.511,37 in.
o,, = 0.000,20 in.

for which at 22.25°

V = 0.127,690 in.>  (2.092,47 cm.3)

av/v 0.633 parts in 103

The average, measured internal diameter, external
diameter, and height of the counterweight at 22.25° were
obtained by correcting the measurements made in both shops

to 22.25° and averaging the appropriate values to give, at

22.25°
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2.400,30 cm.

o
1]

1.270,36 cm.

H

3.838,75 cn.

The surface area of the counterwelght was calculated to be
60.677,3 cm.2 using equation (VI-16). The surface area of
cylinder Number 1 was calculated to be 60.134,9 cm.2, the
averaged, measured height and diameter of the cylinder being
6.253,45 cm. and 2.543,63 cm., respectively, at 22.25°.
Therefore, the surface area of the counterweight was only
0.902 per cent larger than that of the cylinder,

The volume of the tubular counterweight was determined
by four hydrostatic weighings in water and three hydrostatic
weighings in FC-75. The mass of the counterweight in vacuum
was calculated from data obtained by weighing the counter-
weight by double substitution using the semimicrobalance and
the Ainsworth weights in the constant temperature box; the
mass in vacuum was calculated using an equation derived in
identical fashion as eguation (VI-7). The volume of the
counterweignt (an average of the values obtained from the
dimensions) and the volume of the weights were corrected to
the temperature at which the comparison was made, 29.36°.
The mass of the counterweight 1iIn vacuum was calculated to

pe 17.013,95 g. All the hydrostatic weighings of the

counterweight were made by substitution.
o
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The volume of the counterweight was calculated from the

data obtained during the hydrostatic weighings in water

using

ol
a
cw wcw,Hzo * Eﬁ(wcw,ﬁzo)
vV = (VI-21)
CW a..
h20

3

Equation (VI-21) was derived by analyzing the forces acting

during both weighings made in water for each hydrostatic

weighing and solving for Vcw in the same manner as

equation (VI-10) was derived for the volume of cylinder

Number 1. The sensitivity of the balance for the hydro-

static weighings in water was 1.0 mg. per scale division.
Three hydrostatic weighings were made in water. For

the first set of weighings in water, the data obtalned were

Yo, 1,0 = 14.918,8 g.
d_ = 0.001,147,1 g./cm.3
= )

b0 = 2235

d o = 0.997,719 g./em.>
2

V__ = 2.102,0 cm.>
CW

For the second set of welghings in water, the data

obtained were

Wow,"20 = 14.917,3 g.
da = 0.001,147,0 g./cm.3
= o
tH 0 22.40



cw
For the third

obtained were

wcw,Hzo

148

0.997,706 g./cm.>

2.103,5 cm.>

set of weighings in water, the data

= 14.919,0 g.
= 0.001,148,9 g./cm.>
= 22.35°

= 0.997,712 g./cm.>

= 2.,101,8 cm.3

For the fourth set of welghings 1in water, the data

obtained were

wcw,H2O

Ccw

I

14.918,5 g.
0.001,149,8 g./cm.3

22.450
0.997,695 g./cm.>

]

2.102,3 cm.3

The average volume of the tubular counterweight as

determined by hydrostatic welghlngs in water and corrected

to 22.25° was 2.102,4 cm.3, the relative standard deviation

in the volume being 3.6 parts in 10

The volume of

L;

the counterweight was calculated from

the data obtalined from the hydrostatic weighings in FC-75

using
d
T - W + 2w )
cw cw,rC dw cw,FC
v = (VI-22)
cw dFC
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which is identical in form to equation (VI-21). Again, the
density of the fluorocarbon solvent was determined by the
hydrostatic weighing of a cube of silicon before and after
the hydrostatic weighing of the counterweight; the density
of the silicon cube was calculated to be 2.329,066 g./cm.3
at the average temperature at which the weighings were made
in FC-75, 23.05°. The sensitivity of the balance for the
weighings in FC-75 was 0.3 mg. per scale division.

Three hydrostatic weighings of the counterweight were
made 1in FC-75. For the first set of weighings, the data

obtained were

wcw,FC = 13.298,58 g.
da = 0.001,151,7 g./cm.3
tFC = 22,95°
dpe = 1.768,44 g./cm.>
Vcw = 2.101,9 cm.s

For the second set of weighings in FC-75, the data

obtained were

Woy go = 13-298,82 &.
a, = 0.001,150,0 g./cm. >
tpg = 23.05°
dFC = 1.768,25 g./cm.3

2.102,0 cm.>
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For the third set of weilghings in FC-75, the data

obtained were

Wy po = 13.299,31 g,
4, = 0.001,149,1 g./cm.>
4 = o
Cre 23.15
- 3
ch = 1.768,08 g./cm.
- 3
Vcw = 2,101,9 cm.

The average volume of the tubular counterweight as
determined by hydrostatic weighing in FC-75 and corrected to
22.25° was 2.101,9 cm.3, the relative standard deviation in

5

the volume being 2.8 parts in 10-.

I. Comparison of the Results Obtained
for the Volume of the Tubular

Counterweight

A summary is given in Table VI-2 of the values obtained
for the volume of the tubular counterweight as determined by
the methods described in the preceding section and
corrected to 22.25°. The average of all four values for
the volume is 2.096,9 cm.3; the standard deviation in the
volume obtained by averaging all four values was 0.006,1
cm.3 or, on a relative basis, 2.9 parts in 103. The values
obtained by averaging the results obtained from the
dimensions and hydrostatic welighings, respectively, differ

by 0.001,0 cm.3 or 5.0 parts in 105.



Table VI-2. The volume of tubular counterweight determined
by several methods@

a. Calculation from Measurements of the Dimensions

Uncertainty in the
Calculated Volume,

Site of Experiment Volume, cm.3 parts per 105
Iowa State University 2.090,91 227
Hach Chemical Company 2.092,47 63
difference 0.001,56 em. 3
mean 2.091,69 cm.3
b. Hydrostatic Weighing
Relative Standard
Deviation,
Immersion Liguid Volume . cm.3 parts per 105
Water 2.102,4 36b
FC-75 2.101,9 2.8¢

difference (0.000,5 cm.3
mean 2.102,2 cm.3

2211 volumes given have been corrected from the
temperature at which the volume was determined to 22.25°;
linear coefficient of expansion, 9.6 x 10-%/°F,

bFour determinations.

cThree determinations.
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I have less confidence in the values of the volume
obtained from the dimensions than those obtained from the
hydrostatic weighings for several reasons. First, both
determinaticons of the volume from the dimensions had large
uncertainties asscociated with them. This fact is not
surprising since to determine the volume of the tubular
counterweight, the diameters of two "cylinders" had tc be
determined: the external diameter and internal diameter of
the tube. Secondly, since the average value of the counter-
weight as obftained from the dimensions was smaller than that
obtained from the hydrostatic weighings, it appears that the
internal diameter of the counterweight may actually be
smaller than that obtained by physical measurements. In
order to precisely measure the internal diameter of a tube,
the probe of the measuring device must be exactly parallel
to the ends of the tube. An inclination of -the probe
resulting in a measured diameter which is 0.000,05 in.
larger than the actual diameter would lead to the calculated
- volume of the counterweight being larger by approximately
one part in 103. While care was taken at Iowa State
Unilversity to measure the internal diameter of the counter-
weight with the snap gage being kept parallel to the ends of
the tube, 1t cannot be guaranteed that this was the case;
the same problem probably existed for the measurements made

by Mr. Hach. Thirdly, it was found from the measurements of
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the internal diameter made at Iowa State University that the
bore of the counterweight was not perfectly round nor was it
uniform. For example, the average internal diameter of the
counterweight at one end, the middle, and the other end
were, respectively, 0.946,11 in., 0.945,68 in., and
0.945,81 in. While the idea of constructing a tubular
counterweight having the same surface area as the cylinder
with which it is used was a good one, it is doubtful that
the volume of such a tubular counterweight can be obtained
from the dimensions unless the counterweight is of nearly
perfect geometric configuration and a more reliable method
is obtained to measure the internal diliameter. It is also
advisable that gage blocks of higher quality (Grade AA,
Grade AAA) be used in future work when measuring the
dimensions.

I consider the volume of the tubular counterweight to
bé 2.102,2 cm.3, the value obtained by averaging the

results from the hydrostatic weighings.
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VII. VACUUM WEIGHING BOTTLE FOR THE DETERMINATION

OF MASS
A. Introduction

The correction for the buoyant effect of air on an
object belng weighed is often referred to as the "correction
to weight in vacuum". The claim of Pontius that the density
of air cannot be obtained by calculation from measurements
of the prevalling conditions of atmospheric pressure,
temperature and humidity with the accuracy necessary to make
this correction with any degree of confidence dictates that
high-precision welghings be made in an actual vacuum.

Making such weighings is hardly new. There is, in fact, a
journal devoted to papers on the subject: Vacuum Balance
Techniques (Library of Congress call number: QC107, V139).
Invariably, these papers are devoted to applications
involving changes in weight brought about by some reaction
between a solid phase suspended from one arm of the balance
and a gas phase introduced into the chamber: rate of
evaporation or deposition, adsorption on the surface of the
solid, changes in density of the gas phase because of
chemlical reaction, and so on. A search through this and
related literature, however, failed to uncover any work
attacking the more fundamental problem of making absolute

measurements of mass in a vacuum.
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Attempts were made at Iowa State University during 1975
to make weighings in an actual vacuum. A vacuum balance
designed and bullt by Professor David Peterson of the
Department of Materlal Science and Engineering for the
measurement of the vapor pressure of metallic calcium at
high temperature was modifiled for the purpose. This device
consisted of an Ainsworth microbalance, Model FDJ, removed
from the original case, mounted on a brass plate, and
covered with a glass bell jar. The brass plate was milled
with a circular groove which carried a gasket on which
rested the specially ground, flat, bottom edge of the bell
jar. The brass plate was penetrated by openings for (a) a
vacuum line, (b) electrical connections, and (¢) a vertical
rod which passed up through a metal bellows seal and through
the brass plate; this rod was used to manipulate the
fractional weights on the right stirrup of the FDJ balance.

In initial work with the vacuum balance, it was found
that the zero-point of the balance changed as the air was
pumped from the bell jar. The FDJ balance, although an
equal-arm balance, was not symmetric in construction; the
stirrup on the right side was larger than the stirrup on
the left because of the "keyboard" by which fractional
(less than 1 g.), wire weights were added and removed. In
addition, the pans were not the same size owing to modifi-

cations necessary to accommodate the mechanism for
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manipulating the keyboard weights which was brought in
through the brass plate. Because the volumes of metal on
the opposing sides of the balance were unequal, the buoyancy
effect of air was unequal and a shift in the zero-point
occurred on pumplng out the air.

This shift in zero-point on passing from atmospheric
pressure to vacuum was only the beginning of the troubles.
The zero-point continued to shift with time of pumping after
the pressure in the bell jar had been reduced to 50 um.
(micron) Eg. Temperature changes resulting from pumping the
air from the bell jar accounted for only part of the drift
because sufficient time was given for such effects to be
dissipated., It became apparent from alternate admission of
dry air and evacuation that surface fllms, presumably of
moisture, o0il from the pump, and possibly volatile materials
from stopcock grease and the atmosphere of the laboratory.
wefe involved. Even more disturbing were the effects of
electrostatic charges generated by the flow of air in and
out of the bell jar and by the very oscillation of the beam
of the balance on the agate knife edges and plates; these
ef'fects produced large and erratic variations in the normal,
evenly damped oscillations of the beam. Ultimately, after
serious effort involving an inordinate expenditure of time,

the project was abandoned.
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The problem of making weighings in a vacuum was solved
by Professor Diehl and myself in April of 1976 by the
invention of a wacuum weighing bottle. This weighing bottle,
Figure VII-1, was of such a design that the bottle could be
first evacuated and welighed, then opened and an object
inserted, and the weighing bottle then closed, evacuated and
again weighed. The buoyancy of air on the weighing bottle
is the same in both operations so that the increase in
weight is the mass ("true mass" or "weight in vacuum") of
the object. Two such weighing bottles were constructed.

The first, shown in Figure VII-1, and again, disassembled,
in Figure VII-2, was constructed of stainless steel and was
of a size to accommodate the absolute density cylinder and
its counterweight. A larger weighing bottle, shown in
Figures VII-3 and VII-4, was constructed from stainless
steel Carpenter 20CB3 for use in the calibration of weights

in the form of cylinders and of mass up to 1 kg. (Chapter

X).
B. Design of the Weighing Botfles

The welghing bottles were tubes of stainless steel or
Carpenter 20CB3 closed at one end. The open end carried a
flange grooved to accommodate an O-ring which extended
slightly above the groove. A flat cover df stainless steel,

carrying a stainless steel vacuum valve, rested on the O-ring;
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Figure VII-1. Smaller weilghing bottle evacuated and with
retaining rings in place
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Figure VII-2. Smaller weighing bottle disassembled. The
lower retalning ring is still in place



Figure VII-3. Larger weighing bottle with refaining rings
in place
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Figure VII-4. Larger weighing bottle disassembled. The
lower retaining ring has been pushed down
the bottle to reveal the flange carrying
the O-ring
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a circular land on the inside of the cover kept the cover
centered on the flange. To the vacuum valve was welded a
stainless steel tube (6.4 mm. outside diameter) which served
to connect the weighing bottle to the vacuum line, the
connection being secured by a Cenco gquick-connecting fitting
carrying another O-ring. The vacuum valve was a commercial
valve (Circle Seal Plug Shutoff Valve, Circle Seal

Products Co., Inc., Anaheim, California) from which a good
deal of unnecessary metal was removed to reduce the mass.
The vacuum valve was manipulated with a small strip of
aluminum which fitted snuggly into a slot in the end of the
plug of the wvalve.

The principal dimensions of the smaller weighing
bottle were: length, bottom of flange, 87 mm.; inside
diameter, 27 mm.; outside diameter, 28 mm.; outside diameter
of flange and 1id, 34 mm.; overall length, 119 mm.

The principal dimensions of the larger weighing bottle
were: length, bottom to flange, 64 mm.; inside diameter,

57 mm.; outside diameter, 59 mm.; outside diameter of flange
and 1id, 63 mm.; overall length, 99 mm.

It was found during early applications that the seal
between the 1id and the flange could be momentarily weakened
during the act of removing the weighing bottle from the
vacuum line after evacuation of the bottle. This problem

was circumvented by fitting both weighing bottles with
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retaining rings made of aluminum, shown in Figures VII-2 and
VII-4. 4 lower ring, lined with Teflon on the inside and
threaded on the outside, was brought in from the bottom of
the bottle and seated around and level with the flange
carrying the O-ring. A second ring, threaded on the inside
and carrying a Teflon gasket which insulated the upper ring
from the top of the 1id, was placed over the 1id and lightly
tightened onto the lower ring. The upper ring carried a
knurled strip which stretched around the periphery of the
upper ring. The two weighing bottles weighed 86.58 g. and
209.86 g., respectively, when empty and with their

respective retalning rings in place.

C. Measurement of the Mass (in an Actual
Vacuum) of Cylinder Number 1

and of Its Counterweight

A sequence of weighings was made using the smaller
weighing bottle to establish the difference in the mass in
vacuum of absolute cylinder Number 1 and its tubular
counterweight; this difference 1s the term o in equation
(VI-2). The weighing bottle was pumped down several times
to a pressure of one micron on the day preceding the study
and stored overnight while evacuated. The sequence of
weighings was begun by inserting the cylinder into the

weighing bottle and pumping the weighing bottle down to a
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pressure of 1 pm. (one micron). The valve was then closed
and the bottle disconnected from the vacuum line. After ten
minutes the bottle was weighed on the Mettler, Model H51AR,
Semimicrobalance using the welghts inside the balance. A
"sensitivity" weight, made of Carpenter 20CB3 and weighing
20.000,2 mg. in air (20.003,0 mg. in vacuum), was added and
the weighing repeated; this step served as a check on the
functioning of the balance and to calibrate the optical
scale. The bottle was then opened and the operation
repeated with the tubular counterweight (that is, the
counterweight having essentially the same mass and surface
area). This sequence of weighings of the two objects was
repeated five times. Each of the successive weighings
required about twenty minutes.

The results obtained from this sequence of weighings
are given in Table VII-1l. The term o, the difference
between the mass in vacuum of cylinder Number 1 and its
counterweight, was calculated for weighings numbers two to
nine by averaging the results of the weighing immediately
preceding and following the welghing under consideration and
then subtracting, in the proper order, the averaged weight
of the weighing bottle plus one of the objects and the
weight of the welghing bottle plus the other object as
obtained by the weighing under consideration. By using this

method of calculation, a drift experienced in the weight of



Table VII-1. Successive weighings of welghing bottle containing cylinder Number 1
and alternately counterweight Number 1

Weighing Barometric Bottle plus Bottle plus o
Number@ Pressure, Cylinder, Counterweight, b
mm. Hg g. g. g.
1 735.82 103.533,50
2 735.82 103.500,31 0.033,19
3 735.84 103.533,50 0.033,19
4 735.88 103.500,31 0.033,18
5 735.86 103.533,48 0.033,18
6 735.88 103.500,29 0.033,18
7 735.78 103.533,45 0.033,20
8 736.41 103.500,21 0.033,20
9 736.54 103.533,36 0.033,17
10 736.78 103.500,17

mean 0.033,19
standard deviation 0.000,01

aWeighing made in sequence at interval of 20 minutes.

Difference between mass in vacuum of cylinder Number 1 and its tubular
counterweight; see equation (VI-2),

6ot
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the loaded weighing bottle, resulting from a variable drift
in the density of air, was taken into account. The

difference between the mass in vacuum of cylinder Number 1
and its tubular counterweight was found to be 0.033,19 g.,

the standard deviation in the result being 10 ug.
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VIII. DETERMINATION OF THE DENSITY OF AIR

USING CYLINDER NUMBER 1
A. Eguation Used to Calculate Results

In this chapter, I report the results of a series of
measurements of the density of air made with absolute
density cjlinder Number 1. The physical characteristics and
the fabrication of the cylinder and its counterwelight are
described in Chapter VI. The determination of the respective
volumes of these two objects 1s also described in Chapter VI.
The determination of the difference between the mass in
vacuum of the cylinder and its counterweight 1s described in
Chapter VII as is the construction of the vacuum weighing
bpottle which was used in measuring this quantity.

An equatilion was derived for calculating the density of
air from weighings of absolute density cylinder Number 1 and
its tubular counterweight by substituting the pertinent
values into equation (VI-2). The value for the difference
between the mass in vacuum of cylinder Number 1 and its
counterweight, a, was found to be 0.033,19 g. as discussed
in Chapter VII. The volumes of the cylinder and the cqunter—
weight, 31.778,2 cm.> (22.50°) and 2.102,2 cm.> (22.25°),
respectively, were corrected to 28.0°, The average tempera-
ture within the constant temperature box. The equation for

calculating the density of air from data collected using
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cylinder Number 1 and its counterweight was therefore

W - w + 0.0 1 .
4 = tew,a ~ Yoy,a 33:19 & (VITI-1)

a 29.684,5 cm.3

As was the case with the stainless steel cylinders described
in my M.S. thesis (38), the term (l/dw)(wcw,a - wcy,a)?
which is analogous to a similar term in the denominator of
equation (VI-2), was so small with respect to the
difference in volume between the cylinder and counterweight
that this term involving the density of the welghts was
neglected in equation (VIII-1); the difference between the
mass of the counterweight and cylinder in air was typically
about 900 ug. or less.

The uncertainty in the density of alr as determined
using cylinder Number 1 and its counterweight was set at
2 parts in qu, the relative uncertainty in the measurement
of the difference between the mass 1in vacuum of the cylinder
and the counterweight:; the uncertainty in this term was the
largest for the terms appearing in equation (VIII-1). The
uncertainty in the difference in volume of the cylinder and
counterweight was an order of magnitude smaller having been
assessed at 2.7 parts 1in 105. The uncertainty associlated

with weighing the cylinder or counterweight in air with the

microbalance was 1 ug. or 2.97 parts in 105.
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B. Apparatus and Procedure

Several determinations of the density of air were made
using cylinder Number 1 and its counterweight and applying
eguation (VIII-1). The results of these determinations were
compared to values calculated from the prevailing conditions
using equation (III-4). The cylinder and the counterweight
were weighed on the Mettler, Model M5/SA, Microbalance in
the constant temperature box. The commercially available
pan of the microbalance was not large enough to accommodate
convenlently the cylinder so the pan and hanger of the
microbalance were replaced with a stainless steel hanger in
the form of a wire cage which carried the cylinder or
counterweight during a welghing. The sensitivity of the
microbalance was determined using a "sensitivity" weight of
Carpenter 20CB3 weighing 8.034 mg. in air. This sensitivity
welght, in the form of a hook, was added to the hanger and
another weighing was made. The sensitivity of the balance
in pg. per scale division was found by dividing the mass of
the sensitivity welght by the difference in the optical
readout before and after addition of the weight.

The barometric pressure was determined using the
barometer and cathetometer described in Chapter IV; the
three corrections listed in Chapter IV were made to each

reading. The temperature within the microbalance was
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recorded using platinum resistance thermometer Number 2
which was placed in the chamber housing the beam cf the
microbalance.

The relative humidity was measured for all the
determinations using the Airguide, Model 113B, hygrometer.
A determination of the atmospheric content of water and of
carbon dioxide was made using the gas pipet for the two
final determinations of the series. The density of air was
calculated for the two final determinations using equation
(IV-9) into which was substituted the molecular weight of
air recalculated for the actual atmospheric content of
carbon diloxide.

The density of air was determined by weighing first the
cylinder and then the tubular counterweight on the micro-
balance. About seven minutes was allowed between weighings
for the dissipation of heat. The two objects were weighed
by substifution and the mass of the objects in air was
determined from the optical readout of the microbalance.
The difference in the mass of the two objects in air was
calculated by multiplying the difference in the optical

readouts by the sensitivity of the microbalance.
C. Results and Discussion

The results of the determination of the density of air

using cylinder Number 1 and its counterweight and the
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results for the density of air calculated from the prevailing
conditions are given in Table VIII-1. The values of the
density of air calculated from the prevailing conditions were
calculated for all dates listed using equation (III-4) in the
interest of showing the trend in the results. More reliable
values for the density of air calculated using equation
(IV-9) are given for August 21 and 22, dates on which the
water and carbon dioxide contents of the atmosphere were
determined gravimetrically (absorption tubes and gas pipet).
The values obtained on these dates for the atmospheric
contents of carbon dioxide (expressed as mole fraction) and
of water (expressed in mm. Hg) and the relative humidity
calculated from the gravimetric determination of water

content and measured with the Airguide hygrometer were

August 21
X002 = 0,000,859
PH20 = 11.65 mm. Hg

42,42 per cent

Rel. Hum.,grav.

Rel. Hum,,hygr. 46.0 pef cent

and
August 22
XCO2 = 0,000,680
PHZO = 10.71 mm. Hg

Rel. Hum,,grav. 39.00 per cent

Rel. Hum.,hygr. 45.0 per cent



Table VIII-1. Density of air by measurement with absolute density cylinder Number 1

and tubular counterweight and calculated from the prevailing

conditions
Density of air, g./liter Difference
Date (time) Founa? Calculatedb g./literC p.p.t.C
Aug. 6, 1979 (11:26 a.m.) 1.133,5 1.130,7 0.002,8 2.47
Aug. 7, 1979 (8:54 a.m.) 1.129,2 1.126,1 0.003,1 2.75
(11:28 a.m.) 1.130,7 1.128,2 0.002,5 2.22
(1:34 p.m.) 1.130,0 1.127,4 0.002,6 2.31
Aug. 8, 1979 (9:16 a.m.) 1.131,6 1.128,5 0,003,1 2.74
(11:24 a.m,) 1.132,0 1.129,4 0.002,6 2.30
Aug. 14, 1979 (1:54 p.m.) 1.148,5 1.144,7 0.003,8 3.32
Aug. 21, 1979 (8:38 a.m.) 1.132,3 1.127, 8 0.004, 5 3. 99
(1.128,5)4 (0.003,8)9 (3.37)4
Aug. 22, 1979 (8:33 a.m.) 1.129,2 1.124,2 0.005,0 bous o
(1.125,3)9 (0.003,9)9 (3.46)9
Jan. 18, 1980 (9:05 a.m.) 1.145,8 1.,142,4 0.003,4 2.98

aFrom weighing absolute density cylinder Number 1 and tubular counterweight and
applying equation (VIII-1).

bFr’om barometric pressure, temperature, and relative humidity and application
of equation (III-4).

®Value of "Found" minus "Calculated",

A5 prom barometric pressure, temperature, and gravimetric determinations of the

water and carbon dioxide content of the atmosphere and application of equation
(IV-9).

clT
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The density of air determined with the cylinder and
counterweight was higher than that calculated from the
prevailing conditions for all nine determinations done over
2 two week period during August, 1979. The relative
difference between the density of air determined using the
cylinder and that calculated from the prevailing conditions
increased linearly over this period. The increase in the
relative difference between the "found" and calculated values
for the density of air with time, in days, was analyzed by
the least-squares method using a Texas Instruments, Model
TI-55, calculator. To simplify the calculations, the date
on which the difference in mass between the cylinder and
counterweight in vacuum was determined, August 5, was
designated as "day zero', August 6 as "day one" and so on.
By handling the data in this manner, a straight line was

plotted for the data having

slope = 0.122 p.p.t. per day
intercept = 2.202 p.p.t.
correlation = 0.966,2

Another determination of the density of air was made
on January 18, 1980, after vapor degreasing both cylinder
and counterweight with 1,1,l-trichloroethane; the density
of air was found to be 1.145,8 g./liter. The density of air
was also calculated from the prevalling conditions using

equation (III-4) and the value 1.142,4 g./liter obtained.
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The difference between these values for the density of air
was 0.003,4 g./1liter or 2.98 parts in 103. Apparently the
upward trend in the relative difference between the "found"
and calculated values for the density of air with time
stopped sometime between late August and mid-January. The
difference in mass between the cylinder and the counter-
weight in vacuum was also checked using the weighing bottle
on January 18, 1980; the value obtained for the difference
in mass for the two objects ir. vacuum was identical with
that obtained on August 5, 1979.

As recorded in Table VIII-1, the density of air obtained
by measurement of the cylinder is some 3.4 p.p.t. greater
than that obtained by calculation from the prevailing
conditions. As stated above, the uncertainty in the density
as determined by the cylinder is placed at 0.3 p.p.t., an
order of magnitude less than the difference found.

The drift in the difference found between the two
densities may be connected with the measurement of humidity
and/or the failure to measure the carbon dicxide in the
atmosphere of the balance. On the two days that the
accurate, gravimetric determination of the water and carbcn
dioxide were made the difference between the found and
calculated values was essentially the same (0.0038 g./liter).

The drift in the difference of the two densities is not
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correlated with the density, which actually went down, then
up and again down during the eleven-day period,

The difference of 3.4 p.p.t. between the values for the
cdensity of air as obtained from the absolute density
cylinder and from calculation from the prevailing conditions
of barometric pressure and temperature and the gravimetric
determinations of the water and carbon dioxide content is
baffiing. The method using the cylinder is simple in
principle and the checks obtained on the volumes and masses
of the cylinder and counterweight make the method appear
correct and accurate. The values for the volumes were
derived from four independent measurements (two of the
dimensions, two by hydrostatic weighing (water as the
standard in one, elemental silicon in the other)); the masses
were measured in the actual vacuum of the vacuum welghing
bpottle. Surface effects were eliminated by simultaneous
measurements of a counterweight of equal mass and area. The
measurements of the prevailing conditions appear also to
have been made accurately; the barometric pressure was
measured with the specially constructed mercurial barometer
and the Wild Heerbrugg cathetometer and all of the
appropriate corrections were applied; the temperature was
measured with a carefully calibrated platinum resistance
thermometer; the gravimetric measurements of water and carbon

dioxide were made on a very large sample taken from within



176

the balance case and measured accurately; the absorbents for
water and carbon dioxide were the best known and the
handling and weighing of the absorption tubes followed all
the carefully prescribed techniques evolved over the years
in the field of microchemical analysis; the environment of
the balances was monitored constant within 0.10°. All

these considerations would seem to put the uncertainty in
each well below 0.5 to at the most 0.7 p.p.t. The
difference must lie, therefore, in the method of calculation
from the prevailing conditions: nonconformity of moist air
to the gas laws; an error in the gas constant; an error in
the molecular welght assumed for air, in turn dependent on
the constancy of the composition of the atmosphere, in
particular of the oxygen content.

In a detail theoretical treatment of the density of
air, Jones (59) evaluated the departure of a mixture of
carbon dioxide-free air and water vapor from the ideal gas
laws using the second and third virial coefficients of
carbon dioxide-free air and of water, and compiled a table
of "compressibility factors'" as functions of temperature,
pressure and relative humidity. This compressibility
factor, applied as a correction term in the numerator of
the final equation for calculating the density, has the
value, for example, at 750 mm. Hg, 25.0° and 50 per cent

relative humidity, of 0.99964. ©Nor are the values over the
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ranges 19° to 26°, 525 mm. Hg to 825 mm. Hg, and 0 to 100
per cent relative humidity, much different, being in all
cases between 0.99955 and 0.99973. Thus, the departure
from the gas laws is too small to explain the difference
observed.

It is unlikely that the source of the difference found
in the two values for the density of air is derived from an
error in the gas constant. Although the currently accepted
value for the gas constant 1s based on experimental work
dating from the period 1924 to 1952, in the most recent
critical review of the value, that by Cohen and Taylor

(Ref. 28, p. 700, and Table 33.1, p. 719), the value

accepted and the uncertainty are
R = 82.0568 (cm.3)(atm.)/(mole)(°K) (31 p.p.m.)

An excellent historical and critical review of the subject of
the gram molecular volume and the gas constant is that of
Batuecas (Ref. 1, p. 139). As Quinn (Ref. 87, p. 529) has
pointed out, however, the current value is based on only one
method, a measurement of the gas density of oxygen, by
Baxter and Starkweather (4,5) as refined by Moles (72),
Moles, Toral and Escribano (73), and by Batuecas and

Garcia Malde (2) and Casado and Batuecas (25). Quinn et al.
proposed and carried through (87,88,89) a determination of

of the gas constant by a measurement of the velocity of

sound in argon; this value was subjected (92) to a correction
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bringing the value down to the current density of oxygen-
value and within the uncertainty in the latter. Thus, it
appears necessary to look elsewhere for a source of the
difference in the two values for the density of air found by
the two methods.

The molecular weight of ailr used in calculating the
density of air from the prevailing conditions is calculated
from the volume per cent of the molecular weights of the
gases present; the assumption is made that the composition,
except for the moisture content, is constant. Jones (59),
for example, uses for the volume per cent of oxygen 20.946
and places the uncertainty (possible variation) at
0.001 per cent oxygen. Even refusing to accept the almost
universally held concept that the oxygen content of the
atmosphere is a constant (to 0.001 per cent oxygen, in most
opinions), the variation in the oxygen content necessary to
explain the 3.4 p.p.t. difference reported above must be
almost 2 per cent oxygen, far greater than might be found.
This comes about because the molecular weights of oxygen
(31.9988 g./mole) and nitrogen (28.0134 g./mole) are not
very different and a large change in the composition of a
mixture of the two is necessary to effect a small change in
the molecular weight (density) of the mixture.

At the time of this writing (January 1980), I must

ettribute the difference between the density of air found
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using the cylinder and that calculated from the prevalling
conditions to a deviation in the local composition of the
atmosphere from the "standard'" composition given in the
literature. Furthermore, there appears to be a variability
in the local compecsition of the atmosphere with time.
Inasmuch as the gravimetric determinations of water and
carbon dioxide eliminate these components of the atmosphere
from responsibility for the observed difference of some
3 p.p.t. in the density of air and assuming the value for
the gas constant to be correct, the obvious variable is the
oxygen content even though a large increase in the oxygen
content would be necessary to explaln the results above.
A survey of the literature concerning the determination of
atmospheric oxygen 1s given in Chapter IX as well as a
proposal for an improved method of determining oxygen.
Having just asserted, as did Pontilius, that the density
of air cannot be calculated from the prevalling conditions
with sufficient accuracy to enable the correction for
'buoyancy to be made wilth accuracy, it is incumbent to offer
a practical solution to the worker wishing to obtain an
accurate value for the density of air. The answer is
simple: Make a weighing of a hollow cylinder such as the
one just described. If the cylinder is properly calibrated,
the correct density of air will be obtained and troublesome

measurements (measurements usually not made with sufficient
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accuracy anyways) of barometric pressure, temperature, and
relative humidity are avoided and any guestions about the

local composition of the atmosphere are circumvented.
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IX. SURVEY OF TEE LITERATURE ON THEE CONTENT
AND THE DETERMINATION OF OXYGEN

IN THE ATMOSPHERE
A. Survey of the Literature

The finding, reported in the preceding chapter, of a
large difference, some 3.4 parts per thousand, between the
values for the density of air found by the hollow, stainless
steel cylinder and calculated from the prevailing conditions
of barometric pressure and temperature and the content of
water and carbon diloxide as determined gravimetrically,
prompted an extensive review of every phase of the work.
One possible source of the trouble is that an error exists
in the value for the oxygen content of the atmosphere used
in calculating the density from the ambient conditions, or
verhaps that the oxygen content is not fixed but variable
on & daily or seasonal basis. In the present chapter, I
present a survey of the literature dealing with the oxygen
content of the atmosphere and the methods of determining
this gquantity. At the end of the chapter, I propose a new
method for a high-precision, gravimetric determination of
The oxygen in the atmosphere.

On pursuing the literature in this field, the reader
cuickly encounters an almost universally held belief that

the percentage of oxygen in the gases composing the
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atmosphere 1is a fixed quantity, as fixed and unvarying as
the international meter bar or the speed of light. And,
this belief is backed up by apparently incontrovertible
experimental evidence. The critical reader, however,
arrives at the conclusion that a gocd cdeal more faith has
been plgced in the accuracy of the findings reported over
the years than 1s justified by the inherent accuracy of the
analytical methods used.

Currently, the accepted value for the oxygen content of
the atmosphere is 20.946 per cent by volume, and this number
has been built into a large volume of theoretical and
practical work in the physics of the atmosphere, meteorology,
and the chemical engineering of the handling of air and of
air conditioning (44,47,53,59,74). The value is needed for
calculating the molecular weight of alir, in turn needed in
applying the gas laws to air., The 2C.946 value has been
used since 1951 when Glueckauf (39) recommended it following
a survey of the literature. In an earlier survey of
essentially the same literature and data, Paneth (83) had
recommended 20.95 per cent oxygen, a value he advanced with
the admonition "to remember that the second decimal is not
certain", a reallstic assessment of the likely uncertainty
for which he was later severely criticized. Apparently
because results were reported to 0.001 per cent, others

found it comforting to belleve the figures were reliable to
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this extent and went blithely about building up on them a
considerable theoretical structure.

Even the Paneth value is a considerable advance over
the values, "one-fifth", of Boyle and of Mayow of the 1665
to 1680 period, obtained by burning a candle to exhaustion
or leaving & mouse until collapse in air in a closed
container (for an account of these experiments see
Partington (Ref. 84, pp. 75, 80)). The Boyle work has a
curiously modern ring for he made extensive experiments with
vhosphorus, using 1t to deprive air completely of what is
now referred to as oxygen, a procedure used in the very
latest work (56) on the oxygen content of the atmosphere.
Priestley, a hundred years after Boyle and Mayow, did a good
deal better, adapting Mayow's reaction of oxygen with nitric
oxide to form red, water-soluble nitrogen dioxide to a
reasonably quantitative metnod. A history of the Priestley
nitric oxide eudiometer is found in Conant (29) and Benedict
(6).

Skipping over work of the early nineteenth century on
the development of procedures for handling and analyzing
gases, I pass to the work of Regnault (90) and Regnault and
Reiset (91). Regnault organized and carried through an
extenslive, internatilional study of the composition of the
atmosphere. Samples were collected, with the cooperation of

foreign scientists and "travelers'", at Paris and other parts
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of France, at-Berlin, at Madrid, in Switzerland, on the
Mediterranean Sea, on the Atlantic Ocean, in Ecuador, in
Algeria, on the Indian Ocean, on the Arctic Ocean, and on
the Pacific Ocean. The samples were analyzed in Paris by
explosion with hydrogen using an apparatus designed by
Regnault and Reiset for studying the respiration of animals.
As a result of his study, Regnault concluded that variations
in the composition of the atmosphere were very small, the
oxygen content generally varying only from 20.9 to 21.0

per cent. In certain cases, usually in warm countries,
Regnault found that the oxygen content was as low as 20.3
per cent. Regnault also concluded that the oxygen content
at Paris in 1848 was 20.96 per cent, the error in the method
used being assessed at 0.02 per cent oxygen.

The Regnault work is truly astonishing. Although done
in the period 1847 to 1952, it is the best work on the
oxygen content of the atmosphere to date. Regnault and
Reiset knew about, studled, and rejected various ligquid
absorbents and phosphorus as absorbents for oxygen,
identifying the errors of incomplete absorption., solubility
loss into reagents, introduction intc the gas of components
of the reagents, and the difficulties of readjusting the
vapor pressure of water in the gas and of restoring the
temperature of the gas for the final measurement. In one

brilliant stroke, they eliminated all these problems by
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perfecting the hydrogen eudiometer and measuring mano-
metrically the contraction which occurs when hydrogen and
cxygen interact (touched off in the eudiometer by an
electric spark). Every aspect of the procedure was
developed in meticulous detail, and this included
illustrated, detailed instructions to travelers gathering
the samples. Six analyses made with the hydrogen eudiometer
on the same air gave values falling between 20.932 and
29.960, average 29.943 per cent oxygen, standard deviation
0.009,8 per cent oxygen. Not only was the analytical work
superb but the application was a great example of
international cooperation (actually done in part during a
time of war).

The most outstanding work of this century on the
composition of the atmosphere is that of Benedict (6). His
study was volumetric in method and based on the absorption
of oxygen in alkaline pyrogallate after previously absorbing
carbon dioxide in a solution of potassium hydroxide. The
measuring pipet in which the decrease in volume of the
sample was measured was designed to read directly in per
cent oxygen; the smallest graduation on this pipet was
0.01 per cent oxygen but the pipet was readable, according
to Benedict, to 0.001 per cent. The standard deviation in
the results obtained by Benedict on any day for the analysis

of a cylinder of air (20.877 per cent oxygen) was 0.004 per
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cent oxygen. Benedict concluded, after analyzing 212 samples
of air collected outside his laboratory in Boston, that there
was no matefial fluctuation in the oxygen content during the
period of the study, April 15, 1911 to January 30, 1912,
despite a great variety of weather conditions. Benedict
found the oxygen content during this period averaged 20.952
per cent. Benedict also analyzed samples collected on the
ocean between Montreal and Liverpool, on the ocean between
Genoa and Boston, and on the summit of Pike's Peak; the
average results obtained for these samples were,
respectively, 20.950 per cent, 20.946 per cent, and 20.941
per cent. Machta and Hughes (70) raised some doubts
concerning the flasks that Benedict used to collect and
transport his samples.,.

Carpenter (24), using essentially identical procedure
and apparatus of Benedict, analyzed 75 samples collected at
Durham, New Hampshire, 790 samples collected at Baltimore,
and 291 samples collected at Boston. The grant average of
the results of all 1156 analyses was 20.929 per cent, the
standard deviation being about 0.003 per cent,

Using a completely different method, Stock, Ramser,
and Eyber (95) made measurements of the oxygen content of-
the atmosphere, and simultaneously also of the density of
the atmosphere and of the barometric pressure, in all some

18 sets of measurements, during 1931 and 1932. They were
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unable to find any correlation among these three quantities
although there was considerable variation in each, The
0Xygen was measured in a closed vessel by absorption on
copper at 500° and measurement of the reduction in pressure.
Three analyses on a test sample of air gave 20.82, 20.78,
and 20.77 per cent oxygen, and four analyses on the same air
to which about 0.15 per cent oxygen had been added gave
20.98, 20.98, 20.98, and 20.95 per cent oxygen; this is
really excellent precision and indicative that the procedure
was working very well. The 18 values found for the cxygen
content of the atmosphere ranged from 20.77 to 20.87 per
cent oxygen. The average of these results is significantly
lower, by some 0.15 per cent oxygen, than the earlier
values. Although Stock, Ramser, and Eyber knew about the
work of Regnault and of Benedict, they made no attempt to
resolve the difference or actually to comment on it, and,
unfortunately, did not perform a check by analysis of a
synthetic mixture of pure gases or a comparison with some
other method.

Lockhart and Court (62) made a study of the oxygen
content of the atmosphere during 1940 and 1941 at Little
America III on the Ross Ice Shelf of Antarctica. The oxygen
content was determined volumeftrically by absorption of oxygen
in alkaline pyrogallate after previously determining carbon

dioxide by absorption with potassium hydroxide. Lockhart and
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Court found a deficiency in the oxygen content of the
Antarctic atmosphere and furthermore found a seasonal
variation in the oxygen content: 20.50 per cent oxygen by
volume in the summer (December and January) and 20.80 per
cent in the winter (July and August); the uncertainty in the
oxygen content was assessed as 0.04 per cent oxygen.
Lockhart and Court pointed out that no determination was
made of “standard" air from the middle latitudes during
their work because the program to analyze Antarctic air was
not planned until the expedition was in the Antarctic.
Glueckauf (39) and Machta and Hughes (70) discount the
findings of Lockhart and Court for just this reason despite
claims that the apparatus, method, and chemicals used at
Antarctica had been used at Harvard University for years
with reliable results.

According to Machta and Hughes (70), in 1935 M. Shepherd
of the National Bureau of Standards made six analyses of a
single large sample of air collected west of Washington,
D.C.; Machta and Hughes cite Shepherd's U.S. Army Strato-
sphere Flight of 1936 in the Balloon Explorer II as their
source. Shepherd obtained results ranging from 20.935 to
20.950 per cent oxygen by volume, the average being 20.946
per cent. Presumably, the determinations were made by

absorption of oxygen by alkaline pyrogallate.
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Machta and Hughes (70) determined the oxygen content of
78 samples of air collected by two oceanographic vessels
over the continental shelf and the open ocean and ten samples
of air collected over land in western Maryland. The oxygen
content of these samples was determined using a "modified"
Beckman oxygen analyzer calibrated by comparison with a
standard air. They reported the oxygen content of air
collected over the ocean to be: "...20.946 per cent by
volume relative to a standard with an accuracy of *0.006
per cent by volume. The precision or geographic variability,
or both, is z0.005." The oxygen content of the ten samples
collected over land was found to be 20.946 per cent with an
uncertainty of 0.0018 per cent. Although the results of
Machta and Hughes appear highly precise, the results must be
viewed with a little skepticism. The Beckman (Pauling)
oxygen analyzer operates by measuring the paramagnetism of
the oxygen molecule. Precision better then 0.1 per cent had
never been claimed for it previously and the nature of the
modifications made by Machta and Hughes have never been
described. The instrument was calibrated with a standard
air, 20.959 per cent oxygen, prepared and analyzed by a
gravimetric, dry-reagent method developed by Hughes (56).

In the Hughes (56) gravimetric procedure, a 200-cm. 3
flask containing white phosphorus is evacuated, closed (by

stopcock) and weighed. The sample of water-free air is then
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admitted, and after the reaction of oxygen and phosphorus
has taken place, the flask is again evacuated and again
weighed (actually against an identical flask used as
counterpoise). Because of the significant vapor pressure of
phosphorus (0.07 mm. Hg at room temperature), to avoid loss
of phosphorus, it is necessary to cool the flask in liquid
nitrogen during the pumping operations. In a modification
of the procedure, the phosphorus is replaced by a sodium-
potassium alloy; it is necessary then to either correct for
the carbon dioxide present or to remove it by passage over
Ascarite. The standard deviation in results on the com-
pressed air from a cylinder by the phosphorus method was
0.064 per cent oxygen, by the sodium-potassium alloy
procedure 0.038 per cent oxygen. Hughes placed the over-all
uncertainty of the method at 0.1 per cent oxygen. Inasmuch
as the Hughes and Machta results on the air taken from over
the ocean and obtalined with the Beckman oxygen analyzer are
referred to compressed air analyzed by the Hughes procedure,
it seems rather unreasonable if not ridiculous, to report
the results of the analyses to 0,000,1 per cent oxygen and
indeed to put the uncertainty in the results much below
0.05 per cent.

Paneth (83), in his 1937 review of work on the compo-
sition of the atmosphere, was probably correct in

recommending 20.95 per cent as the oxygen content of the
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atmosphere and in placing the uncertainty in the second
decimal point. He was roundly criticized for this in a
later review by Glueckauf (39) in 1953, who placed greater
reliance on the results of the statistical treatment of a
very large number of analyses than on a Paneth-style,
dispassionate examination of the errors inherent to the
method. Glueckhaul apparently did not know of the work of
tock, Ramser and Eyber and in quite arbitrary fashion
he rejected all of the Regnault findings on samples from the
Mediterranean and Indian Ocean, apparently because they were
Jow. Similarly, he rejected the results of Lockhart and
Court from the Antarctic on the sole basilis that they had not
been checked. The Glueckauf review antedates the Machta and
Hughes work but as I have implied in paragraphs above, I
nave severe reservations about the numerous Machta and
Hughes results with the Beckman oxygen analyzer. And I
assess the accuracy and the precision of the Hughes
gravimetric-phosphorus and sodium-potassium alloy results at
about the same level as those of Regnault and Benedict.
Statistically, perhaps, for the alr of the middle
iatitudes, which appears to be continually very well mixed
by the winds of the frequent cyclonic storms, the oxygen
content 1s possibly the 20.946 per cent value. As an
analytical method, simple in concept and inherently free

from the numerous errors which afflict the liquid absorbent
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methods, the Regnault method is clearly superior. It is
fortunate that the Regnault and Benedict methods yield the
same value for the oxygen content of air, and while with-
holding still some reservation that Stock, Ramser and Eyber
may be right, I would place the oxygen content of the
atmosphere at the Paneth value of 20.95 per cent with the
uncertainty possibly as low as 0.02 per cent. As for the
naturael variation, I see no reason for rejecting either the
low values of Regnault from the warm, tropical regions or
the very low values of Lockhart and Court from the Antarctic
and I feel that the Stock, Ramser and Eyber variation of
0.1 per cent oxygen may well have been rezl.

Because the carbon dioxide content of the atmosphere
(0.029 per cent in 1890; 0.034 per cent currently) has
received a great deal of attention in recent years, prompted
principally by the potentially serious "greenhouse effect"”
on the climate, it might be wondered that similar attention
has not been given the oxygen content. The answer 1lies in
the nature of the problem and the difficulty of effecting
the analysis with the requisite degree of accuracy. For the
determination of carbon diocxide, the entire amount present
in the sample of the atmosphere 1s measured and procedures
are at hand for measuring this amount with an uncertainty of
less.than 1 p.p.t. The measurement of oxygen called for,

in studies of the natural variation in the oxygen content
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and the conseqguence on it of the combustion of coal and
vetroleum hydrocarbons and of the photosynthesis and the
respiration of the biomass, is a change equivalent to the
change in the carbon diloxide, that is, for a change in the
carbon dioxide of 1 p.p.t., (0.001)(0.034) = 0.000,034 per
cent carbon dioxide, the equivalent change is 0.000,034 per
cent oxygen. For an atmosphere 21 per cent oxygen, this
means a change of one part per million. Currently, our
methods for oxygen do not approach this by even two orders
of magnitude and on the basis of absolute accuracy by
probably three orders of magnitude. A possible start in the
right direction, a by-product of the present work, a method
for the high-precision determination of large amounts of

oxygen, is offered in the following section.

B. Proposal of a Method for the High-Precision
Determination of the Oxygen Content

of the Atmosphere

Variability in the oxygen content of the atmosphere,
occurring in nature as discussed 1n the preceding paragraphs
and postulated in Chapter VIII as an explanation for the
high value for the density of air obtalned by measurement
wiin the absolute density cylinder, can really only be
confirmed or refuted by experiment, an experiment which

calls for a method of chemical analysis of a degree of
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accuracy not currently known. As a result of the present
work, however, there is now avalilable for such a chemical
analysis, a suitable sample of the atmosphere, three liters
in size, very accurately measured, dry and free of carbon
dioxide, and ready for delilvery; this 1s the gas left over
from the gravimetric determinations of water and carbon
dioxide described earlier. The problem is to effect the
determination in such a way as to avoid the numerous
pitfalls of the usual methods of gas analysis.

Certainly, if the uncertainty in the determination of
the oxygen content of the atmosphere is to be less than
0.001 per cent oxygen, agueous retaining liquids and liquid
absorbents must be proscribed. Solubilility losses, despite
the various tricks and cares which have been exercised to
circumvent or correct them, are simply too uncertain to be
risked. The vapor pressure problem, bcth the adjustment and
the correctlon, is never solved with any degree of assurance
and must be avoided. And the inherent troubles which plague
the various liquid absorbents for oxygen, the release
of carbon monoxide from alkaline pyrogallol, for example,
lend an intolerable uncertainty to any absorption process
involving liquids., Very clearly, then, the method must be
gravimetric in nature, be perferably a.one-pass-through
operation, and involve only dry chemistry. A possible

method is proposed in the next paragraph.
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The dry and carbon dioxide-free sample in the 3-liter,
precision gas pipet is passed over metallic copper at 375°,

the oxygen being absorbed by the reaction

o = 3
02 + Cu” = CulO (+ CuZO).

The exit gas 1s discarded. The gas in the manifold between
the pipet and the hot copper ftube is swept on through the
hot copper by a stream of oxygen-free nitrogen. Hydrogen
gas 1s then passed through the hot copper tube converting

the copper oxides to copper and the oxygen to water

. o] .
Cul + h2 = Cu~ + h20.

The water is collected on anhydrous magnesium perchlorate.
The hydrogen is swept from the copper tube and the absorp-
tion tube by a stream of nitrogen. Finally, the absorption
tube containing the anhydrous magnesium perchlorate (filled
with nitrogen before and after the absorption of the water)
is weighed.

A survey of the literature has uncovered no evidence
that such a procedure has ever been used for the determi-
nation of oxygen. But, the component reactlions have been
studied and used 1n various other connections and the

procedure is almost certain to work.
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X. THE DISSEMINATION OF MASS. THE CONSTRUCTION

OF A SET OF STAINLESS STEEL WEIGHTS
A. Géneral Considerations

The standard of mass is the International Kilogram Kept
at the International Bureau of Weights and Measures (BIPM),
Sevres, France. It is one of some forty kilograms fabri-
cated about 1885 of an alloy approximately 90 per cent
platinum and 10 per cent iridium. The partiéular kilogram
mass selected for the International Kilogram was that
closest in mass to an earlier standard kilogram, the Xi<logram
of the Archives. Five other of the forty kilograms are also
preserved at BIPM and are used as secondary, working
standards. The other of the forty platinum-iridium kilograms
have been distributed to the national laboratories of various
countries. The two at the National Bureau of Standards,
Gaithersburg, Maryland, constituting the mass standards for
the United States, are Numbers 20 and 4. Such history and
other facts of a general nature about the standards of mass
will be found in: (a) the chapter on mass in The Inter-
national Bureau of Weights and Measures, edited by
C. H. Page and P. Vigoureux (75), specifically pages 43 to
63; and (b) Mass and Mass Values by P. E. Pontius (85).

The measurement of mass, perhaps more than any other

measurement and perhaps because of the apparent ease and
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simplicity of the measurement, is one that seems inherently
to invoke implicit trust. This is, of course, a matter of
the level of accuracy at which a given consideration is
pitched but, even among scientific workers, implicit trust
is usually accorded work on mass in the national standards
laboratories. Thus, it came as an unpleasant surprise %o
Professor Diehl that the values of two of the weights he and
his co-workers used in thelr faraday work were significantly
in errcr. These welghts, which had been used by Knoeck and
Diehl (64,65) in early work at Iowa State University (ISU)
on high-precision coulometry and by Koch, Hoyle and Diehl
(68) in determining a value for the faraday, had been
calibrated by the Mass Sectlion of the National Bureau of
Standards (NBS) in 1966 and at that time Professor Diehl had
been given assurance by the members of the Mass Section
responsible for the work tThat the best possible job would be
done in calibrating the welghts. The errors were uncovered
in January 1975 by Mr, V. E. Bower, at that time working in
the Electricity Division of NBS on the value of the faraday;
Mr, Bower knew exactly how the error had been made in the
Mass Section, having had an identical experience with a set
of weights he was using. Fortunately, the recalibration of
the ISU weights came in time to permit a recalculation of

the results, a recalculation which actually was made during

the publication (55,67,68) process.
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Determining mass with an error less than 5 p.p.m. at
the present time 1s difficult and perhaps not possible. For
an even less generous assessment of the uncertainty, see
Diehl (33) who puts the figure at 10 p.p.m. The diffi-
culties begin at the very top, and indeed were recognized
there, see Page and Vigoureux (Ref. 75, p. 44); see also
Swindells (96) for a history of the casting of the platinum-
iridium alloys used for the prototype kilograms and meter
bars. A lower density was obtained than expected for the
alloy owing to contamination by iron and ruthenium and
cracking of the metal was experienced. The density of tuz
International Kilogram is not accurately known (Ref. 75,

p. 44) and, although this may be immaterial when comparing
the International Kilogram with the secondary platinum-
iridium kilograms at BIPM and with the various national
kilograms cast at the same time, it is a very serious matter
in establishing the weights of the national working
standards, which are usually of stalnless steel. In the
United States, the standards are the platinum-iridium
Kilogram 20 and Kilogram 4 and the working standards are
the nichrome Kilograms N1 and N2. No comparison of the

U. S. standards with the International Kilogram has been
made for over thirty-five years. Moreover, when the
comparison is made, the first operation is a steam cleaning.

In view of our present knowledge of platinum surfaces and
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the formation and decomposition of platinum oxide on
platinum surfaces, derived from the extensive studies of the
polarographers over the past fthree decades, such a treatment
is disastrous Indeed at the current level at which mass
measurements are now desired.

The review of the standard of mass problem and the
measurement problems of Page and Vigoureux includes a
discussion of the problems of measuring the density of air
(Ref'. 75, p. 50). I feel that the absolute density, hollow,
stainless steel cylinder described in preceding chapters of
this dissertation now offers a solution to this problem; the
simple welighing of this cylinder and the counterweight will
give the density of air with sufficient accuracy to make the
correction for buoyancy with an uncertainty less than
1 p.p.m. and the difficult measurements of the prevailing
temperature, barometric pressure, and composition of the
atmosphere are obvlated.

One problem which Page and Vigoureux do not discuss is
the question of the gases adsorbed on the surface of the
weights and how such adsorption varies with changes in the
prevalling conditions of temperature, barometric pressure,
and water, carbon dioxide, and oxygen content of the
atmosphere. Yoshimori and co-workers (103) have shown by
direct chemical analysis that tThe moisture adsorbed on

stainless steel is of the order of 1 ug. per cm. ;
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resumably this varies with the relative humidity. In the
course of extensive reading of the literature on weights and
weighing, I have not found an estimate of the mass of carbon
dioxide, oxygen, or nitrogen adsorbed on steel or other
metal surfaces. Yet such adsorption would certainly depend
on the prevailing conditions and the treatment given the
surface. MoreoVer, in & set of weights, the ratio of
surface to mass increases greatly on passing to the smaller
weights. Thus, for cylindrical weights of density

8.0 g./cm.3 and whose height equals their diameter:

Mass 1 kg. 1l g.
Area 138.4 cm.2 1.384 cm.2
Area/mass 0.1384 cm.z/g. 1.384 cm.2/g.

Assuming the adsorption effect involves only water and
using the Yoshimori finding, the effect on the kilogram
weight is 138 ug. or 0.138 p.p.m. and on the l-g. weight
1.38 ug. or 1.38 p.p.m. This is at the very level aimed for
in fhe current work on the faraday and is seriocus and merits
close scrutiny inasmuch as the adsorption may be greater
than this, may be variable, and may well affect the
reproducibility of the surface on cleaning.

The problem of cleaning weights was solved by
Mr. R. Schoonover (94) of NBS work;ng with the NBS working
standards N1 and N2. Schoonover found that N1 and N2 during

daily use gained in weight owing to the pick-up of dust and
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0il from the atmosphere of the laboratory btut that the
weights returned to initial mass (as determined by compari-
son with Kilogram 20 (only occasionally taken from under
cover)) when given a vapor degreasing with 1,1,1-
trichlorethane. Mr. Schoonover has probably wrought better
than he knew. Professor David Peterson of ISU, when told
of the Schoonover cleaning technigue, stated he felt that a
chemical union occurs between the 1l,1,l-trichlorethane and
the surface of the steel, probably with a chromium oxide in
the surface. Stainless steel once vapor degreased is
impossible to weld and the coating, he reported, is diffi-
cult to remove short of sandpapering. In confirmation of
this, a very preliminary study of samples of stainless steel
I submitted for ESCA analysis gave definite indication of
significant changes in the character of the surface.
Presumably, the union of the three chlorine atoms of the
1,1,1-trichlorethane with the chromium on the surface leaves
the methyl ‘groups pointing away from the surface and the
surface polar in character. I found, too, that stainless
steel, once vapor degreased, comes to constant weight in the
vacuum welghing bottle readily.

Because of the surface problem, the reluctance of
platinum to come to constant weight in the vacuum weighing
bottle (presumably because of the slow release of gases

dissolved in the metal), and the uncertainties in the
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transfer of mass from the International Kilogram to the
daily working weights of stainless steel, it became worth-
while to attempt a new approach to the entire problem. A
start on this has been made in the present dissertation,
as reported in this and the following chapter.

The overall objective was to fabricate the weights of
a stainless steel having the greatest possible resistance to
corrosion, give the weights a high polish at the same time
bringing the mass of each as close to the integral (nominal)
value as reasonably possible, give the weights a surface
treatment, callibrate the set internally performing the
experimental work (weighings) in the vacuum weighing bottle,
relate one of the 1000-g. weights to the International
Xilogram, and then finally to recalculate the callbration
data to this absolute mass scale.

A stainless steel, Carpenter 20CB3, was selected and
fabrication of the set begun. For reasons given in the next
chapter, the set of weights was arranged on the basis of the
Fibonaccl series rather than on the conventional pattern.

The set thus consisted of the twenty-one weights:

Name F_4 Fy F1  Fy F3 Fy F5
Nominal mass 1 0 1 1 2 3 5
Fg Fo Fg Fg Fig Fyp Fip Fi3 Fyy Fig

8 13 21 3% 55 89 144 233 377 610
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Fl6 ISU~1 ISU-2 1SU-3 ISU-4

987 1000 1000 1000 1000

As this dissertation was being written, the fabrication
of thilis set of welghts was well under way; the undertaking
to date (January 1980) is described in the following
sections of this chapter and a theory for the calibration of

a set of Filbonacci weights is given in the next chapter.

B. Selection of Stainless Steel Carpenter

20CB3 for Weights

Consultation with members of the Department of Materials
Science and Engineering of Iowa State University and of the
Metallurgy Sectlon of the Ames Laboratory of the Department
of Energy and with the chemical engineers of the Hach
Chemical Company, Loveland, Colorado, narrowed the selection
of the particular stainless steel to be used to two
varieties: (1) a niobium-stabilized, chromium-nickel alloy
designated 309SCB, and (2) Hastelloy C, an alloy of nickel
(54 per cent), molybdenum (17 per cent), chromium (15 per
cent), iron (9.5 per cent), and tungsten (4 per cent).
Experience with both steels és pipes and containers for
hydrogen chloride, hydrochloric acid, and other corrosive
chemicals on a large scale and as crucibles for high
temperature use showed these alloys to have extraordinary

resistance to chemical attack.
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The final selection was based on density, availability,
and cost. The density of Hastelloy C is 9.84 g./cm.3; it
was available at $27.50 per kg. Stainless steel 309SCB
proved to be no longer avallable commercially, but a slight
modification of it, Carpenter 20CB3, was available at $8.50
ver kg.; the density of this alloy is 8.11 g./cm.a.
Carpenter Z20CB3 was selected, the final choice being
determined principally because the density is close to those
of the stainless steel weights currently in use and to the
U. S. (National Bureau of Standards) working standards of
mass, N1 and N2, weights which are made of chromel, density
8. 3456 g./cm.3.

The nominal composition of Carpenter 20CB3 was obtained
from Professor R. Schmidt of the Department of Materials
Science:

C max. 0.07 per cent

Mn max. 2.0 per cent

Si max. 1.0 per cent

S max. 0.035 per cent
Cr 19 - 21 per cent
Ni 30 - 39 per cent
Mo 2 - 3 per cent
Cu 3 -~ U4 per cent

Nb + Ta 8 times the carbon concentration (min.)

or max. of 1 per cent Nb+Ta
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The source of this specification was not stated, but the
compositions of the various lots of the material subsequently
obtained conformed to these specifications; see Table X-2.

The purpose of the niobium (the metallurgists continue
to refer to this element as columbium (Cb)) in the alloy is
to prevent the deposition of chromium carbide in grain
boundaries. Such deposits of chromlium carbide are presumably
the sites at which corrosion and chemical attack begin. The
niobium acts by precipitating carbon as niobium carbide,
which 1s apparently innocuous, and lowers the concentration
of carbon sufficiently to prevent the precipitation of
chromium carbide and the depletion of chromium in the grain
boundaries.

Rods of appropriate diameters of Carpenter 20CB3 were

purchased from Carpenter Technology Corporation, Reading,

Pennsylvania 19603:

Diameter in in. Weight in pounds
0.5 8.60
1.0 5.95
1.5 . 10.65
2.0 8.15
2.5 24,2
and a later purchase
2.5 39.0

Total weight 96.55 pounds.
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The density of each rod and the chemical composition of

each 1s given below.

C. Density of Various Lots of

Carpenter 20CB3

The rods of Carpenter 20CB3 were cleaned with methyl-
isobutylketone to remove grease, markings and residual gum
from shipping tape. A circular disc, approximately
0.150 in. thick, was cut from each of the rods 1.0, 1.5, 2.0
and 2.5 in. diameter. These discs were lightly buffed with
emery paper. A hole, 0.25 in. in diameter, was drilled
through each disc near the edge for attaching the suspending
cord. The holes were made large to eliminate any possi-
bility of entrapment of air when immersed in water. The
edges of the hole were chamfered deeply to further prevent
the entrapment of air. The cutting from the 0.5-in. rod was
prepared by first removing 0.005 in. from the surface of the
rod by lathe and then cutting off a l-in. length; this piece
was polished on the lathe with fine emery cloth until tool
marks were barely discernible. The dimensions of this piece
were: diameter 0.494 in., length 1.00 in. No hole was
drilled in this piece and the hydrostatic weighing was made
by placing it in a wire basket.

All three of the weighings required for the determi-

nation of density by this method were made on an Ainsworth
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Model 28N, single-pan balance, sensitivity 0.1 mg. The
determination of the density of the disc was made by

measuring the weight of the disc in air, W the weight

0,a’

of the disc and monofilament line, W » and the weight

ot+l,a

of the disc and line immersed in water, W The

o+l,H20'

temperature of the water was measured with a mercury
thermometer graduated to 0.1° and the density of water at
the temperature observed was obtained from tables (Diehl,
Ref. 34, p. L411). The volume and density of the disc were

calculated using eguations (X-1) and (¥X-2):

W - W,
VO = O+l,§ OTlJW (X"‘l)
h20
wO a
= 2 -
dg = (X-2)

No corrections for the buoyancy of alr were made. The
results are tabulated iIn Table X-1_

The density of the pilece cut from the 0.5-in. rod was
determined in a simllar manner, a wire basket being used to
carry the steel piece when immersed in water (see my M.S.
thesis (38). The results were calculated by equations (X-1)
and (X-2), the symbol 1 then representing the weight of

basket and supporting line.



Table X-1.

Density of rods of Carpenter 20CB3

Diameter of Diameter of

Thickness of Welght of Volume Density Average
Rod Disc Disc Disc of Disc of Disc Density
in. (cm.) in. (em.) in. (cm,) g. cm.3 g./cm.3 of Dls%
g./cm,
0.5 (1.27) 0.494 (1.25) 1.006 25.4070 3.1373 8.0983
(2.555) 25.4069 3.1373 8.0984 8.0894
1.0 (2.54) 1.0 (2.54) 0.1525 15,6165 1,9245 8.1146
(0.3874) 15.6165 1.9248 8.1134 8.1140
1.5 (3.81) 1.5 (3.81) 0.1500 34,5894 4,2663 8.1076
(0.381) 34,5895 4,2676 8.1052 8.1064
2.0 (5.08) 2.0 (5.08) 0.1525 63.1522 7.7847 8.1123
(0.387) 62.29022 7.6779  8.1141 8.1132
2.5(1)P(6.36) 2.5 (6.35) 0.128 81.9319  10.1037 8.1091
(0.,325) 81,9316 10.1060 8.1072 8.1082
2.5(2)%(6.35) 2.49 (6.33) 0.126 81.5859 10.0667  8.10U46
(0.321) 81.5860 10,0670 8.1043 8.1045

@pfter hole was enlarged.

bFirst lot purchased.

®Second lot purchased.

g0c¢c



Table X-2.

Composition and properties of rods of stainless steel Carpenter 20CB3

Diameter, in. 0.5

Heat number 826452

Composition
C 0.025
Mn .29
Si .36
P ,020
S .001
Cr 19.32
Ni 33.43
Mo 2.18
Cu 3.21
Nb+Ta 0.49

aFirst lot purchased.

bSecond lot purchased.

1.0

826906

0.021
<32
.28
. 023
. 002

19.15
33.09

2.20

3.59

0.56

1.5
10790

0.016
«35
45
.019
.002

19,63
33.23

2.20

3.27

0.83

2.0

19795

0,019
<35
.31
024
. 004

19.29
33.08

2.13

3.17

0.90

2.5(1)2

826672

0.04
.30
+39
023
.001

19.42
34,27

2.17

3.32

0.82

2.5(2)P

837597

0.019
.31
.32
017
.002

19.64
33.45

2,08

3.22

0.52

60¢



Table X-2. (Continued)

Diameter, in.
Yield strength,

(0.20 per cent), KSI
Tensile strength, KSI

Elongation in 2 in,,
per cent

Reduction of area,
per cent

Hardness, Brinell

Intragranular corrosion
test

0.5

97.0

54,0

9h.,5

41.3

67.0
187.0

48.5
93.5

42,0

69.0

—— —

2.0

40,3

89.0

42,0

2.5(1)

h7.5
86.0

41.0

67.0
174.0

2.5(2)

CCapable of passing test.

0Tc
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D. Fabrication of Weights

The major part of the machine work to be described in
this chapter was performed in the machine shop of the
Department of Chemistry, Iowa State University, by
Mr. Eldon Ness, shop foreman, and Mr. George Steininger,
Certain special operations, princilipally metal rolling and
wire drawing were performed in the Metallurgy Section of the
Ames Laboratory of the Department of Energy by Mr. Ardis
Johnson under the direction of Professor David Peterson of
fhe Department of Materials Science and Engineering.
Advice and direct assistance on preliminary work on
polishing metals and on the use of the vibrating polisher
was obtained from Mr, Harlan Baker of the Ames Laboratory
and Professor Peterson. Practically all of the metal
polishing was done in Room 138 Chemistry Hall, using
apparatus purchased or designed and built for the work of
the present dissertation.

Weights F—l’ Fl’ Fg, F3, Fu, FS’ F6, F7, F8 and Fg,
that is, the weights 1 g. through 34 g. were made in the
form of rectangular flat pieces of the Carpenter 20CB3. The
weights FlO (55 g.) through Fl6 (987 g.) and the four
l-kilogram weights were fabricated in the shape of right
cylinders. The choice of metal flats for the smaller
welghts was dictated by the cylindrical shape and the

dimensions of the vacuum weighing bottle, it being necessary
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during the calilbration operation to place up to fifteen of
the weights in the vacuum weighing bottle at once.

The flat pieces of Carpenter 20CB3 from which the
smaller, flat welghts were cut were prepared in the
following manner. The rod of Carpenter 20CB3 was mounted in
a lathe and enough of the surface was removed by turning so
that oxides and any imperfections lodged 1n the surface were
eliminated., Discs of the rods were then cut off with a thin,
cut-off grinding wheel and the flat surfaces then turned on
a lathe. The discs, usually 0.2 to 0.24 in. thick, were then
rolled to a desired thickness. The final plates were
elliptical in shape because the repeated rolling was done in
the same direction. The thinnest piece obtained was a strip
some 30 in. long, 2.28 in., wide, and 0.007 in. thick.

Blanks for the small, flat weights wefe cut from these
vlates (thickness varying from 0.025 in. (the 1-g. weights)
to 0.232 in. (the 34-g. weignts)) with a cut-off wheel. The
edges of the plates were made smooth and parallel on the
power grinder, three plates, identical in size and mounted
in a bundle, usually being worked up at once. The mounting
on the power grinder was a precision device and the grinder
adjustable to 0.000,1 in. The grinding wheel used was the
"soft", "white" wheel of the Norton Company, Worchester,
Massachusetts, Number 32A (aluminum oxide)-60 (medium grain

size)~E (soft)-12 (open density)-VBEF (vitrified, resin
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bonded); this wheel proved ideal for putting a fine finish
on the relatively soft Carpenter 20CB3. One end of the
blank was then trued on the power grinder and, calculating
from the mass, density and dimensions of the plate, the
necessary length cut such that the mass obtained was about
1 g. higher than the nominal value at which was aimed. The
plate was then polished on the Syntron Lapping-Polishing
Machine; see below.

The heavier welghts, in the form of right cylinders,
were all cut from the rods of Carpenter 20CB3 2.5 in. in
diameter. The diameter was reduced on the lathe to 2.1 to
2.2 in. (so that the final weight would fit comfortably into
the large vacuum weighing bottle (internal diameter 2.244
in.)). The final cuts on the lathe were made very shallow
and with slow feed so that no striations were visible and
the final finish unusually smooth. The requisite lengths
were then cut from the rod and the ends of the blank trued
on the lathe. One end was then ground flat and smooth on
the power grinder, the final cuts across the face being very
shzllow, about 0.000,2 in. in depth. This end face was then
polished on the Syntron Lapping-Pollishing Machine; see
below. The cylindrical face was then polished on the
cylindrical-surface polishing machine described below. The
second end face was then ground flat on the power grinder,

as much metal being removed by successive passes of the
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wheel as necessary to reduce the mass to about 0.1 g.
greater than the nominal value aimed for. Finally, the
second end was polished on the Syntron Lapping-Polishing

Machine and the weight brought as close as feasible to the

nominal wvalue.

1. Aluminum oxide polishing powders

The polishing powders used in the operations described
below with the vibrating Syntron Lapping-Polishing Machine
and with the cylindrical-surface polishing machine were the
three grades of aluminum oxide obtained from Buehler Ltd.,
2021 Greenwood Street, Evanston, Illinois 60204:

Buehler Micropolish No. 40-~6310-080

Linde C 1.0 Micron Alpha Aluminum
Buehler Micropolish No. 40-6305-016

Linde A 0.3 Micron Alpha Alumina
Buehler Micropolish No. 40-6301-016

Linde B 0.05 Micron Gamma Alumina

Little use was made of Linde C, experience indicating
that 1t was too coarse and generally caused deterioration of
the surface as left by fine lathe or power grinder work. By
far the major polishing was done with Linde A, the surfaces
being brought to mirror finish, the operation sometimes
requiring periods as long as 75 hours. The very final
super-mirror finish was obtained with Linde B but it was

found that the period of polishing must never exceed a very
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few minutes or the surface deterioration resulted, pits
being produced (Yorange peel effect").

The suspension of these aluminum oxides in water used
for the polishing operation was prepared by mixing about
30 g. of the oxide, about 3 g. of a dry detergent (Dreft),
and about 750 ml. of water. The water used was distilled
water taken Irom the house supply and filtered first through
a fine fritted-glass filtering funnel and then through a
Gelman Metricel Membrane Filter, 0.45 um.; Gelman Instrument
Company, Ann Arbor, Michigan. Usually some additional
alumina, Dreft, and, of course, water were added during the
polishing operation.

The major part of the polishing, with Linde A, was done
on a wax surface prepared by melting in the bowl of the
Syntron polishing machine a mixture of Buehler wax and
Apiezon sealing wax (as hardener). When solidified, the
surface was scraped flat and scored lightly with a razor
blade. The final polishing with Linde A and with Linde B
was done on Buehler micropolishing cloth stretched over the
bottom of the bowl of the Syntron polishing machine, Care
was taken to maintain a high state of cleanliness and, as
far as possible, a dust-free atmosphere in the polishing
room (Room 138 Chemistry Hall). A special grade of paper
towel, Kaydry Disposable Towels, manufactured by Kimberly-

Clark Corporation, Neenah, Wisconsin 54956, having a
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"super soft cellulose surface™ prepared especially for
buffing and polishing work, was used for all wiping and

storage of polished surfaces.

2. Syntron vibrating polishing machine. Polishing the flat

surfaces of weights

A1l of the faces of the flat, smaller weights (34 g.
and smaller) and the flat ends of the cylindrical, larger
weights (55 g. and heavier) were polished on a commercial
vibrating polisher, a Syntron Lapping-Polishing Machine,
manufactured by the FMC Corporation, Materials Handling
Equipment Division, Homer City, Pennsylvania 15748, Catalog
description: Type LP 014D, Style CC; Figure X-1. The
Syntron Lapping-Polishing Machine was the property of the
Hech Chemical Company, Loveland, Colorado, and was on loan
to Iowa State University for this specific project.

The very heavy weights, the 1000-g. weights and Fl6
(987 g.), were wrapped with electric tape to protect the
cylindrical face and placed directly on the polisher.
Weights Flo (55 g.) through FlS (610 g.) were fastened to
cylindrical, steel carrying slugs of somewhat smaller
diameter and sufficiently heavy to bring the total mass to
950 g. to 1000 g. Attachment was made with adhesive tape
having adhesive on both surfaces (Permacel Corporation,

New Brunswick, New Jersey). The flat weights were similarly

attached to a carrying siug, two or three such weights being
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Figure X-1. Syntron Lapping-Polishing Machine, showing
cylindrical, steel carrying slug (flat weights
being polished fastened to bottom) and circular
guard ring of weilighted rubber tubing. in a
suspension of alumina in water

Tastened to the slug and polished simultaneously: these
slugs were 3 in. in diameter and by arranging two flat
weights as far apart as feasible or three flat weights in
the configuration of a triangle, the slug was maintained
upright during the polishing and the faces of the flats
were maintained flat and parallel to the opposite face.

Some of the weights and carrying slugs were shown in

Figure X-2.



Figure X-2.

Blanks of Carpenter 20CB3 for weights and

carbon steel "carrying slugs”. Upper left,

welght (610 g.) fastened to carrying

Fl5
slug and both wrapped with electric tape;

polished surface of Fl5 uppermost. Upper
right, Fl6 (987 g.), cylinder wall and flat
face exposed already polished. Lower left,
3-in. carrying slug with two flat weights

attached. Center, 3-in. carrying slug.

Lower right, blanks for FlO (55 g.) and

Fll (89 g.) with one face (up) already

polished.
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For polishing the edges of the small, flat weights, a
holder was made from a plece of stainless steel rod 3 in. in
diameter and 0.75 in. thick, cut into three segments and a
central triangular piece, Figures X-3 and X-4. The central,
triangular pilece was bored to reduce the weight (final

weight of four pieces and clamping ring, 515 g.).

}_h
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Four-piece holder for polishing edges of
flat welghts, with upper spacing pleces,
mounting plate, temporary clamps, and
clamping ring
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Figure X-4. Holder for polishing edges of flat weights,
top view and cross section



221

Three weights were polished at once, each placed
vetween a segment and the central triangular piece, and the
assembly drawn up tight with a flexible, hose-clamping
ring. The lower edge of the flat piece, that to be
polished, projected below the holder 0.004 in.; this was
arranged by covering the bottom faces of the three segments
and the triangular piece with electric tape before assembly
(on the flat mounting plate, Figure X-3) and stripping off

the tape after assembly.

3. Cylindricel-surface pvolishing machine

The polishing of the vertical walls of the cylindrical
large weights presented a much greater problem than
polishing the flat surfaces. An extensive search failed to
uncover a commercial machine which would effect the
polishing of a cylindrical surface. Considerable effort was
also expended trying to polish the large weights by anodic
polishing; the results were consistently bad. The final
surfaces were uneven and marred by irregularities and
grooves. The problems arose principally from failure to
develop a satisfactory method of making electrical contact
with the cylinder. Attention was then directed to making a
machine for the purpose. Such a machine was designed and

built and, although it went through numerous modifications,

{7

id the iob well:
id ne jJop well M

in the end, a machine was perfected which

[§

Figure X-5. Many of the basic features, the construction
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of the machine, and the modifications in structure were the
work of Mr. Eldon Ness, foreman of tThe machine shop of the
Department of Chemistry.

The cylinder to te polished was mounted on a horizontal
axls so that it cculd be rotated while partly submerged 1in a
suspension of aluminum oxide polishing powder. The
suspension was carried up on the rotating cylinder and
wetted a rotating buffing wheel which traveled back and

forth across the cylinder. The buffing wheel was faced with
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Buehler micropolishing cloth so that the dual motion of it
and the motion of the rotating cylinder acting with the
suspension of aluminum oxide did the polishing.

The rate of rotation of the cylinder was variable, the
vower beling supplilied by a variable speed A. C. motor with
gear reducer manufactured by the Dayton Electric Company,
Chicago, Illinois 60648, their Gearmotor, Model 22803. The
direction of rotation could be changed by throwing a switch.
The output of the gear reducing unit was normal to the shaft
of the motor. At the end of the output shaft was placed a
circular mounting plate to which was fastened the cylinder
to be polished, the fastening being made with tape with
adhesive on both faces. The other end of the cylinder was
supported by a spring-loaded plate carried on a freely
rotating shaft; contact of plate and cylinder was made
fhrough a flat rubber ring carried in a circular groove on
the plate. The driving plate was made easily removable from
the drive shaft and thus mounting and dismounting the
cylinder was the relatively simple operation of pressing
back on the rubber ring and plate against the spring and
sliding the cylinder and drive piate off the drive shaft.

It was necessary to center the drive plate exactly on the
axis of the cylinder; this centering was done on the

precision boring machine in the shop of the Department of

Chemistry.
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As will be seen in Figure X-5, the suspension of
gluminum oxide was held In & crystalline dish 5 in. in
dilameter, slotted to accommodate the shafts on which the
cylinder rotated.

The buffing wheel was rotated by a flexible shaft
coming down vertically for 3 ft., Figure X-6. The motor
driving this shaft, visible at the top of Figure X-6 on a
sheet of plastic foam on a shelf, was variable, depending
on the A. C. voltage delivered from an autotransformer
(lower right). The arm carrying the buffing wheel was
pivoted on the control box and driven by an eccentric, a
pin on a rotating plate, the pin moving in a slot in the
arm. The rotating plate carrying the pin was mounted on
the vertical shaft of a motor placed in the control box.
The sweep of the arm was adjustable by changing the radius
of the circle through which the eccentric pin rotated.

The arm was spring-loaded to eliminate chattering at the

ends of the sweep.



Figure X~-6. Cylindrical-surface polishing machine,
showing mounting and the vertical drive
shaft to buffing wheel
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XI. THEORY OF THE CALIBRATION OF A SET OF WEIGHTS

BASED ON THE FIBONACCI SEQUENCE
A. The Composition of a Set of Weights

Basically, a set of weights should be so composed that
every integral number within the range covered can be made
up by some combination of the weights in the set. For
convenience and simplicity in menipulation, the number of
weights in the set should be kept to a minimum although
other factors must also be considered: the ease with which
the arithmetic involved can be performed, minimizing the
mechanical contrivances for adding and removing weights in
direct-reading balances, and (a very important consideration
in the present work) opportunity for suitable and effective
cross checks during calibration.

Of various sequences of numbers which have the property
that some combination of the numbers will add up to every
integral number, five sequences are of interest: (1) the
conventional sequence used in sets of weights, 1, 2, 2, 5,
10, 20, 20, 50, ..., or some variation on it; (2) the
geometric sequence, 1, 2, 4, 8, 16, 32, 64, ...; (3) the
geometric sequence, 1, 3, 9, 27, 81, ...; (4) the sequence
of prime numbers, 1, 2, 3, 5, 7, 11, 13, 19, 23, 31. 37,
b1, 43, 47, ...; (5) the Fibonacci sequence, 1, 1, 2, 3, 5,

8, 13, 34, 55, 89, ...,
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Of these seguences of numbers, the Fibonaceci sequence
is by far the most interesting for the present purpose in
that it provides numerous cross checks for the calibration
operation. Portunately, the Fibonacci sequence has been
extensively studied, both as a branch of pure mathematics
and for its appearance in numerous places in geometry and in
the physical and living worlds. In fact, there exists a
well-developed branch of mathematics devoted to the
subject, complete with its own society and journal. And,
addressing the very problem under consideration, there
exists a considerable number of mathematical investigations,
both already reported and currently under way. The
vertinent investigations fall into three branches of the
Fibonacci mathematics, known respectively as Zdentity,
summation, and representation. Among the numbers comprising
the Fibonacci sequence, numerous algebraic relations exist;
these relations are analogous to the identities of
trigonometry and they provide the basis for the proposed
application to the problem of the dissemination of a
standard mass. The sums obtained by combining wvarious of
the Fibonaccl numbers in certain ways are other Fibonacci
numbers and the generalization of such relations lead to
so-called summation formulas, highly useful for the present
purpose. The term representation is used technically in

this field to describe how combinations of the numbers of a
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sequence can be made to total given integral values; a
sequence of numbers 1s said to be complete if some combi-
nation of the numbers will add up to every integral value.
The Flbonacci seqguence, and the closely assocliated Lucas
sequence, are complete, that is, provide complete

representation.

In the following review of each of the five sequences
mentioned above, the discussion covers the range 1 to 1000
inasmuch as the problem addressed in the present disserta-
tion is the subdivision of the kilogram. Inasmuch as
weights on the metric system are under study, the
expressions l-g. weight, 2-g. weight, as so on, will be

used when convenient,

1. The conventional seguence of sets of weights

The conventional sequence, 1, 2, 2', 5, 10, 20, 20',
100, 200, 200', 500, and in some sets of weights a variation
employing 1, 2, 3, 5, 10, 20, 30, 50, 100, 200, 300, 500,
has the merit that the arithmetic of adding up various
combinations of the weights (on the decimal system) is
almost automatic. Eleven weights are required to cover the
range 1 to 1110 (1210 in the variation). An additional
l-g. weight is required for the calibration. Checks are
provided for the calibration operation, although the number
of these 1s distinctly limited in contrast to the cross

checks possible in the Fibonacci sequence. Thus, using the
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additional 1-g. weight, 1', the calibration operations

involve the comparisons

1 vs. 1 1+2+2'"+5 + 10 vs. 20

[

1 + 1'" vs. 2 + 2 +2'" + 5 4+ 10 vs. 20!

1+ 1' vs., 2° 10 + 20 + 20" vs. 50
1+ 2 + 2" vs. 5 l+2+2'+5+20+
1 +2+ 2"+ 5 vs. 10 20" vs. 50

and so on.

X . K
2. The geometric sequence, 2 (k =0, 1, ... n)

Powers of two, 1, 2, 4, 8, 16, 32, 64, 128, 256, 512,
are complete, that is, provide representation for every
integer over the range 1 to 1023, and only ten weights are
reguired. An additional 1l-g. weight is required for
calibration. No cross checks are provided, the sum of
weights k = 0 to n being 2n+1 - 1. The arithmetic in the
use of such a set of welghts could be simplified by a table
prepared in advance. Although the small number of weights
would appear to demand a minimum of cams and levers for the

mechanical manipulation of such welghts iIn a direct-reading

palance, no commercial balance makes use of such a set.

3. The geometric sequence, 3k (k = 0, 1, 2, ... n)

This sequence, consisting of the powers of three, 1., 3,
g, 27, 81, 243, 729, is complete but regquires that

subtraction as well as addition be used. The range covered
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is 1 to 1093 and only seven welghts are required; a second
l-g. weight is required for the calibration. Physically,
the subtraction operation can be accomplished with an equal-
arm balance by placing the weights on both pans. The
manipulation of weights between the two pans and the
arithmetic appear cumbersome and confusing. Where such a
set appears to offer advantage is in the direct-reading,
single~pan balances, which operate at constant sensitivity
obtained by maintaining constant load. In such a constant-
load balance, the object being weighed plus all of the
welghts are normally carried on the pan and only those
necessary to equal the object are removed. With only seven
weights to be removed, the mechanism would appear to offer
a minimum of complication. No commercial, single-pan
balance operates with such a set of weights however, some

modification of the conventional sequence always being used.

4. The sequence of prime numbers

The sequence of prime numbers obviously offers
representation but the prime numbers are so numerous there
is an excessive redundancy and the sequence would hardly be

considered for a set of weights.

5. The PFibonacci seguence

In the Fibonacci seqguence, 1, 1, 2, 3, 5, 8, 13, 21, 34,

55, 89, 144, 233, 377, 610, 987, each member of the sequence
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i1s obtalined by adding together the two preceding members.
Fifteen weights are required to cover the range 1 to 1596,
although for the present purpose of the subdivision of a
kilogram, inclusion of the sixteenth weight, 987, offers
certain advantages. There are numerous mathematical
relations between the members of the Fibonacci sequence
which offer opportunities for independent cross checks
during a calibration operation. The Fibonacci sequence was
adopted in the present work and in the next few sections of
this dissertation there is presented sufficient Fibonaccil
mathematics for the problem at hand and for the development
of a theory for the propagation of the experimental

uncertainties inherent to an actual calibration operation.

B. Fibonacci Mathematics. General Survey,

Nomenclature, and Symbolism

The Fibonacci sequence of numbers is treated in that
branch of mathematics called number theory. The Fibonacci
mathematics, in which currently a great deal of research is
in progress, 1s essentially pure mathematics, but there is
associated with it some surprising applications to such
diverse fields as physics, astronomy, botany, communications,
data handling, architecture, and esthetics. The theoretical
developments of recent years have been so numerocus that a

more or less standardized nomenclature and symbolism have
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been acdopted. For the beginner, there is an excellent
introductory literature: (1) Verner E. Hoggatt, Jr.,
Fibonacei and Lucas Numbers (50); (2) Brother U, Alfred,

An Introduction to Fibomacci Discovery (12)3 Marjorie
Bicknell and Verner E. Hoggatt, Jr.. 4 Primer jFor the
Fibonacei Numbers (7); (L) Brother Alfred Brousseau, Linear
Recursion and Fibonacei Sequences (13); (5) H. E. Huntley,
The Divine Proportion (57).

Hoggatt's Fibonacei and Lucas Numbers is exceptionally
well written and is an easy introduction to some surprisingly
sophisticated mathematics. It also has short but excellent
introductions to certain appllied areas, particularly to
representations (as defined above and again below),
phyllotaxis, and geometry. This book is quoted frequently
in the current literature. The two publications of Brother
Alfred Brousseau (Brother U. Alfred) are also skillfully
vresented introductions to the mathematics of number theory.
The Primer for the Fibonacei Numbers 1s a reproduction of
some twenty-four papers, mostly by Hoggatt and Bicknell,

1blished in The Fibonacci Quarterly between 1963 and 1973;

G
o

these papers were originally written for the advanced
beginner and are pitched expertly for the serious novice.
The Devimne Proportion by Huntley is of entirely different
character; while bringing in the Pibonacci mathematics where

necessary, it deals primarlly with the so-called Golden



Ratio, with the importance of this number in art and archi-
tecture, with the connection of it with the Fibonacci
numbers, and with the occurrence of the Fibonaccl numbers in
geometry and phyllotaxis. The emphasis is on the esthetical,
indeed almost magical, properties of the Golden Ratio and

the Fibonacci numbers.

In the present dissertation, the notation adopted is
essentially that of Hoggatt as presented in his Fibonacci
and Lucas Numbers and in his numerous publications in The
Fibonacei Quarterly.

Each of the Fibonaccli numbers has been given a name and

& symbol:
hm| hw | | D o hm o
I‘O i“l bg ;3 ba J:‘5 F6 I‘7 F8
0 1 1 2 3 5 8 13 21
n gn o ™ hm o
fg Fio P11 Fip Fiz Fyy Fig Fig

34 55 89 144 233 377 610 987

The recursion TFormula expressing the general relation that
each member of the series is the sum of the two preceding

members is

Fn+2 = Fn+1 + Fn (XI-1)

the two initial terms being specified: FO:=O and F1==l.
Each term of the series can also be calculated by the

so-callied Binet formula



in which o« and 8 are the roots of the so-called Fibonaceci
guadratic

X2 - x =1 =0 (XI-3)

These roots have the values

o = l—%—fi = 1.618033989. .. (XI-1)

1+ /5

-0.618033989... (XI-5)

w
It
nOf -+

aB = -1 o - B =5 o = a + 1
(XI-6) (XI-7) (XI-8)
It is of interest in the present work on the dissemi-
nation of mass, that the Fibonacci series extends to

negative values of n:

The Fibonacci numbers with negative subscripts have the same
absolute numerical value as those with positive n but the
numbers are alternately positive and negative. This is

expressed by

F_o= (-1)77E (XI-9)
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Thus, F—l is +1; use of this fact will be made later in this
dissertation, in connection with the calibration of a set of
weights fabricated on the Fibonacci sequence.

Another set of numbers, known as the Lucas numbers and
cdesignated by the capital letter L, is intimately related to
the Fibonacci seguence. It is also based on the recursion
formula Fn+2 = Fn+l + Fn’ but the initial numbers are 1 and
3 rather than 1 and 1. The early numbers of the two

sequences are

n 0 1 2 3 L 5 6 7 8 ce
Fn 0 1 1 2 3 5 8 13 21 .o
Ln 2 1 3 4 7 11 18 29 L7 “ee

The Lucas series also provides complete representation for
the positive integers and could aliso be used as the basis

for a set of weights (Hoggatt, ref. 50, Chapter 12, p. 69).
C. Fibronacci Mathematics. Representation

The term representation is used in this dissertation in
the same meaning that 1t is used in mathematics: the
combination of various members of a series of numbers to add
up to a positive integer. The best introduction to the
subject of representation is Chapter 12 of Hoggatt's
Fibonacei and Lucas Numbers (ref. 50, p. 69). The following

definition is taken from Hoggatt:
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A seqguence of positive integers, 815 855 eees

a e, 1S complete with respect to positive

n?
integers 1f and only if every positive integer m
is the sum of a finite number of the members of
the secuence, where each member is used at most

once in any given representation.

The geometric sequence based on powers of two, defined

a. = 2" (n>0) (XI-10)
(Hoggatt Theorem I)
is complete; Hoggatt gives a proof for this.

The Fibonaceci sequence of numbers is complete, that is

a =F (n>1) (X1-11)
(Hoggatt Theorem II)
Hoggatt offers a table illustrating this for values of n
up to 8§ and then offers a proof based on mathematical
induction.

Hoggatt has seven more theorems developing the subject
of completeness in the Fibonaccl sequence and the related
Lucas sequence. These theorems deal with whether one or
more members of the sequence can be omitted and with the
minimum and maximum number of terms which can made

representations for a given integer.



1. Hoggatt Theorem IIZX

The Fibonaccl number sequence where a = F_ (n>1), with

ct

rary _ missing is complete.

. n

o

an ar

2. Hoggatt Theorem IV

The Fibonaccl sequence, Wwhere a, = Fn (n>1), with any

two arbitrary Filbonaccli numbers Fp and Fn missing is

incomplete.

Re

-

3

gatt Theorem V

3.

03

The Lucas number sequence, where a, = Ln 1 (n>1), is

complete.

b Hoggatt Theorem VI (the Zeckendorf Theorem)

Each positive integer m can be represented as the sum
of distinct numbers in the sequence defined by a, = Fn+7
(n>1), using no two consecutive Fibonacci numbers, and such

a representation is uniqgue.

5. Hoggatt Theorem VII

Each positive integer m can be represented as the sum
of distinct numbers in the sequence defined by an = Fn+1
(n>1) with the condition that whenever F, (k>4) is used, at

least one of each pair Fq,F (3<g<k) must be used, and

g-1
such a representation 1s unique.
Hoggatt Theorems VIII and IX are the theorems for

Lucas numbers corresponding to Theorems VI and VII.
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These theorems afe & bare introduction to the subject.
Recent advances have carried the subject into some remark-
able generalizations dealing with the basic characteristics
of sequences which are and are not complete, with the total
number of representations for a given integer and how this
number can be maximized and minimized, and with unexpected
s to head-or-tail probability problems and to

catlion

f-le

appl
game theory. This advanced literature consists of some
twenty~five papers, the principal papers being those of

J. L. Brown (15,16,17), Ferns (36), Klarner (63), Carlitz,
Scoville and Hoggatt (21,22), Hoggatt and Chow (51),
Hoggatt, Cox and Bicknell (52), Hoggatt (49), and Brousseau
(11) (Hoggatt (49) carries an extensive bibliography on the
subject). These works deal with the representation of all
positive integers. Such representation is, of course,
important in the use of a set of weights but the problem of
subdividing the kilogram with high accuracy involves only a
restricted application of the theorems, that is, to only

the Fibonaccl numbers themselves. In the various papers
just mentioned, for simplicity in treatment, only one of the
numbers 1 is used, that is, the Fibonaccl sequence and the
other sequences derived from it which are studied are made
to begin with FZ’ For the purpose of calibrating a set of
weights fabricated on the Fibonaccl sequence, it is best to

use both Fl and F2; indeed, as will be shown, definite
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advantages accrue in using three l-g. weights, that is,

actually beginning the sequence with the F , = 1 term.

-1
Thus, the representation theorems, tc the extent that they
are used in the present work 1in addition to a purely

empirical approach, take on a slightly different form.

D. Fibonacci Mathematics.

Summation Formulas

One of the astonishing features of the Fibonacci
sequence of numbers 1s the characteristic that the sum of
successive numbers follows a definite pattern, a pattern
which can be expressed mathematically. Moreover, the sum of
alternating Fibonacci numbers, or of every third IFibonacci
number, follow still other patterns.

The sum of successive Fibonaccili numbers beginning with

F, is equal to the Fibonaccli number two terms farther along

minus one. Expressed mathematically

m

kzg F = Foun = 1 (XI-5-1)
Thus, for m = 9, F9 = 34 and the sumof 1 + 1 + 2 + 3 + 5 +

8 + 13 + 21 + 34 = 88, that is, Fll - 1=289 - 1= 88.
The sum of the consecutive odd-numbered Fibonaccil
numbers, that is, for the terms F., F3, F5, ..., and so on,
L

is also & Fibonacci number:



34 + 89

240

i e~113

F, + F

5 * Tt Fg Tl
144, which is egual to

+ Fp + + F

(XI-8-2)

for k successively 1, 2, 3, 4, 5, 6, that is, for m=§,

the sum is 1 + 2 + 5 + 13 +

Frp-

The sum of even-numbered Fibonacci numbers is given by

Thus, for

o

o}

+ 21 + 55 + 144

F, =F -

Wlo T2k T Temil
m= 6, F2 R, ot F6 +
=232 = F.. -

1 (XI-8-3)
Fg t Fig ¥ Fip =1+ 3+
1 =233 -1 = 232.

Taking every third Fibonacci number, three seguences

are possible;

Fibonaccei

(1)

(2)

(3)

s

c sums in each a

he

numbers:

m
Lo F343x = EF3u3me0

re again related to

13 *F
(XI-8-4)
1) (XI-S-5)
- 1) (XI-S-6)

Taking every fourth Fibonacci number, four sequences

are possible; the sums Iin each sequence are again related

to Fibonacci numbers:
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(1) » +¥%_+F., + F + ...

kzo Fl+’4k = F2m+lb2m+2 (XI-8-7)
(2) F2 + F6 + Flo + Fl4 +

e 2

kzo Torue T Fomeo (XI-5-8)
(3) FB + F7 + Fll + F15 + ...

m

kEO F3+4k B F2m+2F2m+3 (XI-8-9)

[ p=

(4) FM + F8 + Fl2 + Fle + ...

o p)

kzo Fueny = F2m+3 -1 (XI-S-10)

For a highly generalized treatment of Fibonacci
summation formulas, of which the above eqguations are specilal
cases, see Freitag (37).

Of the ten summation formulas just given, the first
three are of particular interest for the present purpose in
that the successilve sums are other Fibonacci numbers, or
other Fibonacci numbers minus one. They are directly
applicable to the calibration problem in that they indicate
which combinations of lighter weight will equal a given
weight, if, a third l-g. weight be included in the set. 1In
the set of weights belng constructed, such a third 1-g.

welght, designated F 1> i1s being included. The summation
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formulas (XI-S-1) and (XI-S-3) take on a slightly different
form in this context.

The summaticn formulas taking every third and every
fourth Fibonaceil number yleld for the sums, integers which
are not Fibonacci numbers. Conceivably, use could be made

these summation formulas and integers in the calibration

b4

@)

]

of a set of Fibonaccl weights, but this has not been
attempted in the present work.

In addition to the summation formulas, a vast and
astonishing array of identities interrelating the Fibonacci
numbers exists and more such identities interconnect the
Fibonacci numbers with the Lucas numbers. For the most part
these identities involve multiplication of numbers. It is
unfortunate that the equal-arm (double-pan) and the single-
pan balance will only perform physically the operations of

addition and subtraction and thus use cannot be made in a

calibration operation of the vast majority of these

identities.
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E. Use of Representation and Summation in the
Calibration of a Set of Fibonacci Weights.
A New Symbolism to Facilitate Comprehension
and the Handling of the Numerous Terms

Involved

Increase in the precision and reliability of a measured
quantity can be obtained by repetitions of the measurement
and the application of statistics. Better, is to repeat the
measurement under different conditions. This is precisely
what the uniquc properties of the Fibonacci sequence of
numbers offers the high-precision dissemination of a
standard mass. Given completeness of representations, which
is of course the prime prerequisite of a set of weights, the
large number of representations possible with the Fibonacci
numbers makes for a large number of independent cross
checks. Thus, for calibrating the 8-g. weight in terms of
one of the l-g. weights taken as the standard, including a
third 1-g. welight, and of course, working with the lower
weights similarly calibrated, six independent measurements
are offered:

8 vs. 5
5+ 2 + 1
5+ 2 + 1t
5

+ 2 + 1"
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5+1+l'+l"

3+2+ 1+ 1"+ 1"
Of these six representations, one involves two weights,
three involve three weights, one four weights and one five
weights. Three of the representations involve the two 1-g.
weights normal to the Fibonacci sequence (that is, positive
subscripts) but this number is doubled by the inclusion of
the third 1l-g. weight, F—l' The sixth of these representa-
tions will be recognized as an application of the summation
formula for successive Fibonaccl numbers, eguation (XI-S-1)

-

zbove, modified to begiln with F_i» that is

n
) Fk} +F_, =F (XI-S-11)

The second of the six representations just given for the
8-g. weight 1s an application of the summation formula for
successive odd-numbered Fibonacci numbers, equation (XI-S-2).
Before proceeding further into the representations as
they present opportunities for cross checks for the cali-
bration operation, I advance a new symbolism by which the
numerical values and the Fibonaccl number can both be
grasped instantly at first inspection. This i1s a singular
advantage in this rather involved field which necessarily
deals with numerous individual entities under varying
conditions. Any particular weight 1is referred to, for

convenience, by the normal Flbonaccili name and symbol but,
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for the handling of the calibraztion data, is considered to
consist of two parts.

Physically, 1t is just about impossible to fabricate a
welght to an exact integral value within one or even ten
parts per million. Also, the Fibonacci mathematics applies
only to integers. Thus, in the following sections of this
dissertation any given welght is treated as being composed
of two parts, an integral value plus a departure from the
integral value. I propose that the integral values of the
welghts be designated by the appropriate Arabic numeral with
the Fibonaccl designation as subscript but avoiding, however,
subscripts to subscripts. For the departure I propose to
use the lower case letter a, again with the appropriate

subscript. Thus:

Name Treated mathematically as
" -~
Fo1 'r(-1) T 21r(-1)
FO No such weight; corresponds
to zeroing the balance
Fq lpp ¥ a1
Fa tpp * a3m)
F3 2F3 + a2F3
Fy 3py * 23py
F +
5 °r5 * @sws
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Use is made of this symbolism in Figure XI-1, which
is a tabular presentation of all of the possible
representations of each of the Fibonaccli numbers starting

with F that is, for the sequence having two numbers 1, and

proceeding through F16' Figure XI-1 ("Representations of
Fibonacecl numbers by an increasing number of smaller
Fibonacci numbers"™) appears as the first of two fold-in
charts at the end of this dissertation.

Use is made of the symbolism just proposed also in
Figure XI-2, which is a tabular presentation of all of the
representations of each of the Fibonaccli numbers starting
with F—l proceeding through F8, and then Jjumping to F16'
Figure XI-2 ("Calculation chart (all representations) for a
set of Fibonacci weights using the Fibonacci sequence
beginning with F_l") appears as the second of two fold-in
charts at the end of this dissertation.

Fach weight in a set 1s characterized by a departure
and the object of a calibration is to determine the most
precise value possible for each departure. Inasmuch as one
weight in the set is taken as a known or assumed value and
2ll of the weights referred to it, a very intimate
relationship exists between all the members of the set.

A set of departures of a set of weights I speak of as the
imputation. [Imputation: (theological meaning) an inherent

or original sin:; that sin possessed by an individual or
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specles at birth but not resulting from an overt act of an
individual]. The goal of a calibration is to make the
imputation not only as internally consistent as possible
but as correct on an absolute basis as possible.
Necessarily, the values finally obtained for the imputation
carry the accumulated experimental uncertainties of the
measurements., In a good calibration operation, these will
have been reduced to a minimum.

It will be observed in the material which follows that a
calibration operation in practice begins with one of the very
small weights, a l-gram welght in my case, and proceeds to
the heavier weights. The departures become progressively
greater and for the larger welights so large as to invite
suspicion that the set was poorly prepared. This is an
artifact derived from the very nature of the calibration
process, however, and not an inherent defect. To reduce the
unduly large departures in the larger weight, the data are
frequently recalculated transferring the primary standard
from the l-g. weight to, for example, the 100-g. or the
1000-g. weight.

Before proceeding with the application of the symbolism
just advanced to the theoretical treatment of the calibration
operation, a discussion is presented of the operation of the

balance and the nature of the data derived from it.
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¥ Use of the Single-Pan Balance in the

Calibration of a Set of Welghts

The measurements of mass reported in this dissertation
were made on commercial, modern, single-pan balances,
specifically on three manufactured by the Mettler Instrument
Corporation: (1) a Model E315 Xilogram Balance, Serial
Number 719830. (2) a Model E51AR Semimicrcbalance, Serial
Number 626447, and (3) a Model M5/SA Microbalance, Serial
Number 525505. The modern single-pan balance is highly
sensitive to one part in 107 on all three ranges of
capacity; it 1s completely damped and rapid in operation;
1t operates at constant sensitivity and the last four
figures in a weilghing are obtained by optical readout. This
is quite in contrast to the older, equal-arm balances, 1in
which sensitivity varies with load, rest-point 1s
determined by the much slower method of averaging swings,
the last four figures are obtained by the cumbersome
procedure of positioning a rider on a calibrated beam, and
when commercially available with comparable sensitivity,

n price. The alteration made to the balances used

o)

-
m

i
0]

3

=

in this work after receipt from the manufacturer are detailed
in Chapter V of this dissertation.

The single-pan balance operates on the substitution
principle. The single-pan balance has only two knife edges.

Internal weights are hung on the same, outside knife edge as
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is the pan on which the object to be weighed 1s placed and
welghts are removed equal to the mass of the object weighed.
The mass of weights plus object is balanced by a fixed
counterweight at the other end of the beam. The balance is
highly damped by a piston working loosely in & cylinder so
that the bpeam comes quickly to rest. The total load on the
outer knife edge, object plus remaining weights, is constant
at all tTimes and the sensitivity (deflection of the rest-

int per unit of mass) is constant. The last four

T
O
=

significant figures of the mass measured are obtained from
the shift of the rest-pocint from the no-load zero-point, the
position of the rest-point being registered by an optical
lever system and projected on a scale on the front of the
case. For further details of the construction and a

the internal mechanism of the single-pan balance,

=y

victure o©
see Diehl, Quantitative 4Analysis (34).

The mode of operation just described i1is known as
weighing by substitution. In effect, two weighings were
made: (1) the balance is zeroed, that is, the full comple-
ment of weights 1s balanced exactly by a fixed counterweight
together with the piston and components of the optical

system fixed to the beam and a very small zeroing weight,

the position of which can be changed. Mathematically:

WL = CR (XI-w-1)
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W being the total of the weights, C the effective mass of
the counterweights, and L and R the respective lengths of
the arms, front and rear, of the balance; (2) the object M
is placed on the pan and weights, W', removed to restore
balance:

(W - W'+ M)L = CR (XI-W-2)

Equations (XI-W-1) and (XI-W-2) yield

(W - W' + M)L

w* (XI-%-3)

WL

)
I}

&

In this weighing by substitution, it 1s not necessary to
Know the actual values of the lengths of the arms of the
bzlance inasmuch as both L and R cancel. In the Mettler
balances the ratio R/L is actually close to 3/2.

In the calibration of the set of Filbonaccl weights, the
substitution principle was still further used, the internal
s of the balance serving only as tares. With no load
e pan, the position of the rest-point (zero-point), T,
was obtained in optical scale divisions, Weight ¥_, was
placed on the pan and one gram dialed into the balance
(actually removing the internal l-g. weight from the
assembly of internal weights). The position of the new
rest-point, rF(—l)’ was read and the deflection

at

calculsated

dr(—l)
3 = - T ._.}4
aF(—l) rF(—l) r, (XI-W

N~
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Because the sensitivity of the balance had been increased
over that set by the manufacturer, the optical scale was not
direct-reading but reqguired calibration; this calibration
was effected by next adding to the pan a small, accurately
known weight, the sensitivity weight, the mass of which is
designated by Ws’ and obtaining a new rest-point, rg- The

sensitivity, 8, was then obtained Dby

8= W/(rg - r5(_1)) (XI-W-5)

usually in the units of mass per scale division. The mass

corresponding to the first deflection was then calculated

v = (XI-W-6)

dp(-1)%
This guantity was designated by a lower case Greek letter o
with appropriate subscript. The measurement thus made of

weight F—l is expressed by the eguation (T is the tare)

T, + a (XI-W-7)

tapiy T h 1F(-1)

’_l

F(-1)
The same sequence of measurements was then repeated with

welghts Fl and F2, leading to the further equations

lFl + ay1py = Tl + o (XI-W-8)

{(XI-W-9)

}_l
+
Oy}
|
3
}..J
+
R
)
o
no

Subtraction of equation (XI-W-7) from equation (XI-W-8) and
cancellation of the integral values, F(—l) = Fl = 1, give

a1F1 T 21m(-1) T “1F(-1) T 1@ (XI-W-10)
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Similarly, eguations (XI-W-7) and (XI-W-9) yield

+ (XI-W-11)

1F2 - 21F(-1) T %1F(-1) 172
And so on through the entire set of weights.
By operation in the F_, mode 1s meant zeroing the

calance with the F_, weight on the pan and removing F_q
curing a weighing when such removal is called for. This
will be recognized as conformity to the Fibonacci mathe-
matics in keeping with the normal significance of the minus
sign and the possibilities of using subtraction in weighing
when using the Fibonacci summation formulas in which the -1
term occurs (equations (XI-S-1) and (XI-S-3)).

Mechanically, zeroing the balance with F—l on the pan
is possible. In the Mettler single-pan balances the zero
adjustment mechanism consists of a fine adjustment which
involves a movement of the otherwise fixed optical scale and
a coarse adjustment which consists of a nut mounted on a
horizontal screw on the beam. Together, however, in the
¥odel H315 kilogram balance, the range of adjustment is much
less than one gram. In the manufacture, however, the maker,
to bring the mass of the pan to the correct value, has
bolted washers to the pan fotaling some ten grams; these
washers are of different sizes and by a judicious removal
of them, the mass removed can be brought close enough to one

gram so that the final adjustment can be made with the

coarse zeroing nut on the beam.
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Weighing the F__ mode 1s still weighing by substitution
but the equations developed above take a different form to
reflect the subtraction. The balance is zeroced with a
different {fare, designated T¥. With F—l on the pan, the
balance 1s zeroed, or more correctliy, a reading, r.s taken,
this reading being more or less in the middle of the optical
scale. In the calibration on Fl’ F—l is removed and Fl put
on the pan. A new rest-point, T is obtained. The
sensitivity weight, 2, is then added and a third rest-point,

obtained. Mathematically, these measurements are

r3,
expressed by
o = T#% —W-17
= T% W
lFl + 8151 % + r, (XI-W-13)
+ W = T#% + T-W-14
lFl 2151 + Ws T#% + 3 (XI-W-14)

The sensitivity, B8, is obtained by subtracting eguation
(XI-W=13) from equation (XI-W-14) giving
= 7 - PN 1Y SN
3 MS/(r3 r2) (XI-w-15)
Subtracting equation (XI-W-12) from ecuation (XI-W-13) gives

lFl + aipy ~ LF(—l) - alF(—l) =r, -r, (XI-W-16)

The integral values cancel and introducing the sensitivity
gives

8171 = 41p(-1) T Cp1om(- (XI-W-17)

'_J
p—
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in which the more complex subscript of the experimental term

indicates that the welghing was made in the F_l mode.

The
nature.
standard

there 1s

G. Further Development of the New

Nomenclature and Symbolism

preceding secticns are essentlally explanatory in

In them,

the names and symbolism more or less

in the Fibonaccl literature are introduced and

advanced certain additional symbolism necessary to

avold confusion and to promote the efficient handling of the

large amount of data expected in the new, highly accurate

subdivisi

on of

the kilogram being attempted.

A review of

this symbolism is now made, gathering together and defining

more explicitly the nomenclature and symbolism to be used in

the remail

nder of

Name of weight

Integral (or "nominal®) value

Departure
F3 F4
°73 3§y

this dissertation.

F Fy Fy
r-1y %0 Im
&1r(-1) %oF0 &1F1
Fo Fy Fy
13g;  2lpg  3hgg
213r7 22178 &34F9
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¥ F _

13 14 15

e}
|

noe

F1o i1 1

55%19 89511

txj
}
[\

o))
(@)
-
(&
]
=
m

Gs5m10  #89r11  Z144mi2 2233713 &377F1k

Fle ISU-1000 ISU-1000-2 ISU-1000-3 ISU-1000-L
987p1¢ 1000 1000-2 1000-3 1000-4
&987F16 21000 210060-2 &1000-3 &1000-4

The upper row in the above table gives the name of each
weight; that is, the usual designation or name of the
Fibonaceci number, F—l’ Fl’ F2, F3, ..., 1s taken to mean
weights, each respectively of a mass closely equal to the
ribonaceci number. The designations in the second row are
here czlled the Zntegral or nominal value and are the
respective actual values of the mass indicated. The lower
case letters a, in the third row, each with an appropriate
subscript, represent the departure of the designated weight
from the integral value, this departure being expressed in

ug. (ug. = microgram, 0.000,001 g.).

F, = 1. + a [1.000,000 + ( )/(1,000,000)]g.

1 Fl 1F1 &1r1

+ a = [1.000,000 + (a,4,)/(1,000,000)]g.

F.=2_, +a = [2.000,000 + (2,55)/(1,000,000)]g.

-+

[3.000,000 (agFQ)/<1,ooo,ooo)]g.

txj
=
1
w
3|
=
+
")
w
1
§ g
I
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The term FO means no weight at all and physically this
corresponds to the operatiocn of zeroing the balance, that is,
determining the rest-point with no load (zero-pcint).

The lower case Greek symbols, a, B, Y, 6, and so on, are
used to denote experimentally measured quantities expressed
in units of mass (micrograms) added to the tare, T. The
symbol o 1s used when the weighing Iinvolves one weight on the
pan, B8 when two weights are on the pan, vy three weights on
the pan, and so on.

In the numbering of mathematical eguations in the

ollowing sections, the additional designation -e means that

Iy

he equation expresses a direct, experimental measurement

ct

made on a balance.

H. Schedule for Calibrating a Set of

Fibonaccl Weights

The simplest representation of any Fibonacci number is
the combination of the next two smaller Fibonacci numbers.
A representation involving fhree Fibonaccl numbers is
obtained by replacing the smaller of the numbers in the two-
number representation by the two Fibonaccl numbers smaller
than it. A representation involving four numbers is obtained
by replacing the smallest number in the three-number
representation by the two next smaller Filbonacci numbers.

The pattern is shown in Figure XI-1.
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As will be seen from the pattern, the successive
representations for a particular Fibonacci number involve

the next lower Fibonacci number, plus alternating lower

]

ibonacci numbers, plus a final Fibonacci number breaking

the alternating sequence:

2%
]
1j
+
brj

n “n-1 n-2

= Fn-l + Fn—3 + bn—u

= Fn—l + Fn—3 + Fn—5 + Fn—6
= F + Fn-B + eee + Fn—(2k+l) + Fn—(2k+2)
(2k+2) < n
For the odd Fiboneccl numbers, the representations involve
the successively smaller even-numbered Fibonaccli numbers and
the longest representation (that being composed of the
largest number of Fibonacci numbers) ends with Fl' For the
even Fibonaccl numbers, the representation involves the
successively smaller odd-numbered Fibonacci numbers and the
longest representation ends with F2. For both any even
Fibonaccl number and the next higher odd Fibonacci number,
the number of representations obtained this way and counting
the single number as one representation are equal to the
number of Fibonacci numbers 1in the longest representation;
thus, there are five representations for FlO of which the

longest involves the five Fibonacci numbers: F9 + F7 + F5 +
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The longest of each of the sets of representations
appearing in Figure XI-1 does not appear to conform to the
Zeckendorf law: Every positive integer can be uniguely
represented as the sum of distinct Fibonacci numbers if no
consecutive Fibonacci numbers are used in any given sum.

The explanation is that, as commonly develoved in the
Fibonaccl literature, an abbreviated seguence, & sequence
lacking F-, is used for convenience (see, for example,
loggatt, ref. 50, p. 69, Theorem 6; also ref. 52). In the
present work, Fl is included iIn the interest of obtaining as
many representations as possible.

In the representation of any Fibonacci number, the next
smaller Fibonacci number may not be omitted for the
remaining Fibonaccl numbers fall short of a complete

representation by one; this is evident from the summation
formula

(XI-S8-1)

he~133
f
]
s
|
[}

k=0
This defect can be remedied by making F 1 @ member of the

set of Fibonacci numbers being considered:

n
{ Zo FKJ +F_, = Foo (XI-s-11)
k=

In the set of welghts under construction, a l-g. weight,
designated F—l’ is being included; this is reflected in the

calivbration schedule shown in Figure XI-2. Inclusion of F_l
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adds three representations to each Fibonacci number, the

aditicnal representation of immediate interest being that

jAy]

Fal

composed of all of the weights up to two short of the
Fibonacci number being represented, that is, application of
equation (XI-S-11). In Figure XI-2, these representations
re tracked by a dashed line originating at the summation
formula, equation (XI-S-11), reproduced in the upper, left
corner.

The goal of the calibration i1s to derive with the
highest accuracy possible the mass of each weight in terms
of one of the weights. For the practical purposes of the
experimental work, the smallest weight is chosen as the
standard and the work proceeds upward. Later, to reduce the
size of the departures from the integral values, the cali-
bration is recalculated in terms of the largest weight
(1000 g., in this instance). Primarily then, the cali-
bration proceeds vertically, based on the summation theorems.
Four of these summation theorems are of direct use and the
successive application of each is traced by a dotted line in
Figure XI-2.

The mathematical theory by which the data obtained are
handled is developed for the principal, 2-weight summation
segquence. This development is given in detail below.

In practice, however, the work proceeds horizontally,

all of the work of intercomparing all of the representations
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for a given welght, as displayed on the horizontal rows,
being completed before proceeding to the next larger weight.

I. Calculation of Departure from Experimental
Data Using Only the Next Two Lighter

Weights (Simplest Case)

The simplest representation of a Fibonacci number
(weight in this work) is the combination of the preceding
two smaller numbers (weights), that is, the representation
making use of the basic recursion formula

F =F + Fn_2 (A1)

tarting with F,, the calibration progresses as follows:

n=1 Foo= 1y + 2y, (&2, definition)
For the purpose of calibration, Fl is taken
as the primary standard. The departure, aipy, may
be arbitrarily taken as zerc, although it will
certainly take a positive value later when the
mrooecalibration is recalculated on the basis of a

larger weight, and it is best to carry it along

in the formal development here.

n=2 F2 = le + 217> (A3, definition)

F2 = Fl +F, (A4, recursion formula)

Experimentally,
= Tl + a (A5-e)

(L6-e)



The terms F, and O mean no weight at all

0 FO
and 20mg is eliminated in practice in the operation
of zeroing the balance. Actually, for the zeroing
operation a positive reading of the optlical scale
of the balance is taken, r_, more or less in the
middle of the optical scale (see above). The
guantity r, is eliminated in the immediate handling
of' the data and for the development here, FO’ OFO’
and 84opg &7 all zero. Clarity of presentation of
the development, however, requires that the symbols
be carried along formally.

Elimination of T, and cancellation of the integral
1

values lFl and lﬁz, yields

F

3172 = 2171 T %1w2 T B ri4mo (A7)

n =3 F3 = 2F3 + 353 (A8, definition)
F3 = F2 + Fl (A9, recursion formula)

Experimentally,
2 t as, =T, + 0 (A10-e)

(A1l-e)

8op3 = 21pp * 311 T %pp3 T Bp Fo+Fl (A12)

Introduction of eguation (A7) gives

ta T op3 T By mosr

(A13)

8op3 = 281p 172 ~ B1,F1+F0
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(All4, definition)

Fu = F3 + F2 (Al5, recursion formula)
Experimentally,
3FLlr + aspy = T3 + %3 (Al6-e)
2F3 + a2F3 + 1F2 +ajgp, = T3 + B3,F3+F2 (Al7-e)
Giving
+ a (A18)

azpy = 2pp3 taypy toG3my - B3 paimo
Introduction of eguations (A13) and (A7) gives

+ -

83py < 381y T 22 oF3 ~ Bo,Fo+m1

171 1F2 T 281 F1+F0

* @spy ~ B3 p34F2 (A19)

+ a (A20, definition)
F_ = F4 + F (A21, recursion formula)

Experimentally,

Sp5 + ops = To * Ggps (h22-e )
3py * 83py t 2p3 * 3sp3 T T5 t By puups (A23-e)
Giving
8s5p5 = 23wy t 2zp3 t %5p5 - B5 puiws (a24)
Introduction of eguations (A19) and (Al3) gives
- 28y posr1 t %374 T B3 p3iame t %sms
R (A25)

5,FL4+F3
The general formula for tThe successive departures

is i1tself a Fibonacci sequence, taking the general form
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(A26, definition)

bt
]

n IFnIFn * a[F an

n
the symbol ]Fn] denoting the integral
value, in Arabic numerals, of the
Fibonacci number Fn'

F =F + F (A1, recursion formula)

n n-1 n-2

Experimentally,

Fplpy * 3F |Fn T Y{F_ | T %F_IF (A27-e)

—
| T

n—llF(n—l) * aan_l[F(n—l) * IFn—2lF(n—2)

+ a[Fn; T(n-2) - T|r | T PIF_|LF(n-1)+F(n-2)  (A28-¢)

21 |pn = (Tnleips ¥ IFpoqlores = 1P 118y m14mg

+

[Fpoloong = 1Fy 5185 5oum

|7

iFn—3l°‘3F4 B n—3!83,F3+F2

-+

]Flla[Fann

[Py 1B 2n) 7 (n=1)+F (n-2)

(A29)
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Thus, for n = 6, F6 = 8F6 + agng, and

2gpe = 8211 T 5%my ~ 58y pi4wo

T 30p3 7 3By motwl
t 2035, = 2B3 p3mo
+

°5r5 = B5,Fu+F3
* ogrg ~ P8, F5+my (A30)
And for n = 16, the weight just below 1000,

F16 = 98Tm16 * 2587716

and

I

29g7F16 = 9872151 + 61007p, = 6108) ny.pg
* 3TTappy = 3778y go4wy

¥ 233a3py ~ 23383 p3ipo

* %g10F15 T B610,F14+F13

t %9g7r16 T Bo87,715+F16  (A31)

7

The magnification that the departure in Fl has under-
gone by the time the calibration reaches F16 is 987 times.
Each of the thirty-two experimental measurements is
similarly magnified but by a decreasing, Fibonacci number.

Of course, the departures can be negative as well as

positive and the final departure in F987 may turn out



reasonably close to the integral number 987. The importance
of independent cross checks on the work is obvious. And
that such cross checks are provided is exactly the merit of

Tabricating the set of welghts on the Fibonaccl sequence.

J. Calculation of Departure from Experimental Data
Using Only the Next Two Lighter Welghts

But Including F_. in the Set

Some of the most useful of the Fibonacci summation
formulas, discussed in a2 preceding section, involve in the
expression for the sum, in additlon to a Fibonacci number,
the term minus one. By including a third 1-g. weilght, such
sums can be brought to a Fibonaccl number and made use of
such summation relations 1n the calibration of a set of
weights. In addition, a third 1-g. weight about doubles the
number bf calibration operations involving l-g. weights and
contributes considerably to reducing the final uncertainties
in the calibration.

Fibonaccl number minus one, F—l’ has the numerical
velue positive one and 1s a legitimate and regular member of

the series as expressed by the recursion formula
F =T + F (AAL)

It is logical, therefore, to use F_l as a l-g. member of the

set of weights.



The varlation on the development proceeds in the same
fashion as before and the final formulas for the successive
departures take the same form as before but with three

additional terms.

= - " = + 3 - .
n 1 F_ 4 lF(—l) 817 (-1) (AA2, definition)

-

F_. 1is taken as the primary weight. The
departure, alﬁ(—l)’ may or may not be
zero depending on the circumstances

under which the calibration is under-

taken.

n =20 FO =0 + 2070 (AA3, definition)

The quantities FO, OFO’ and &gpg 2re all
zero as a result of the steps 1in the
zeroing operation. Clarity in the
presentation of the development requires
that certain of these symbols be carried

along formally.

n =1 =1 + a (LAL, definition)

1 Fl 1F1

0 + 1 (AAS5, recursion formula)

1 - YFo F(-1)

i
|

Experimentally,

1. + a. = 7 + %y py (Ap6-e)
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Opo * 2oro * lp(-1) Y 21r(-1) T 0

t By Fo+E(-1) (AAT7-¢)

2151 T 21F(-1) T %1r1 T Bl Fo+F(-1) (AA8)
(AAS, definition)

n=2 Fy = lps toarg

F_. = F., + F (AA10, recursion formula)

tro * 21w T Tt %qmp (ARll-e)
lp1 T 2151 t Opg * 2gpp T Ty T By mi4w0 (ARl2-e)
Giving
21p2 = 8171 T %12 T B1 F1+70 (AA13)
Introducing equation (AA8) gives
21pp = 21m(-1) * %1r1 T P1,F0+F(-1)
t %55 B F14w0 (AA1Y)

The ter Y

The terms %1p1 and 81,F1+FO are
identical if the zeroing operation is
carried out correctly and these terms

cancel, giving

8152 T 21p(-1) T %1m2 T Bi Fo+F(-1) (AALLA)

Equation (AAlLA) is identical in form

to equation (AA8), as expected and a
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hn)

consequence of Fl and Fy both having the

numerical value of one. Equation (AAl4)

i1s used 1n subseguent work to maintain

completeness in the interesting, inverse

Fibonacci sequence developing.

&
W
It
no
3]
W
+
o
no
&!
(W8]

(AA15, definition)

F, =F, + F (AA16, recursion formula)

=T

Ipo T a1pp Y lpy taip T Tt By poum

aop3 T 2ypp t 23p; * %op3 ~ By woym
Introducing ecuations (AA14) and (AA8) gives

2a + 2a

arp3 = 281p(-1) 171 ~ 2By Fo+m(-1)

T o T By m14F0

* Gop3 = By posm

(AA1T7-e)

(AA18-e)

(AA19)

(AA20)

(AA21, definition)

Fiy = 3py ¥ 233

Fq = F3 + F2 (AA22, recursion formula)
Experimentally,

3y * ezpy T T3t o3py (hA23-¢)

p3 T 8pm3 t lpp * 21y, = T3 * B3 maypo

(AR24-e)
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Giving
23py T 2p3 T 21mp t %3my ~ B3 paipo (AR25)
Introducing equations (AA20) and (AAlL) gives
a3py - 331p(-1) F 3%p1 T 381 po+F(-1)
* 207y 281 m1+F0
taor3 T By moiFa
(AA26)

toospy T B3 m3+m2
(AA27, definition)

F_ = F4 + F (AA28, recursion formula)

5F5 * 2gps T TS * Gsps (AA29-e)
3F4 + a3ﬁu + 2F3 + 2op3 = T5 + BS,F&+F3 (AA30-¢)
Giving
25p5 = 234 * 2253 Y %5p5 = F5 puirs (£A31)
Introducing equations (AA26) and (LA20) gives
35p5 = 523p(-1) * 9%p1 T OR1,Fo+m(-1)
* 3a3mp = 3By pi+wo
t 205m3 = 285 posr
tozpy - B3 m34E2
ta (AA32)

575 ~ 55, Fu+F3



The equation which is developing for the departures is

itself a Fibonaccl sequence, taking the general form

= = = F + = o CRPI
n =n P | ann aan!Fn (AA33, definition)
the symbol an] denoting the
integral value, in Arabic numerals,
of the Fibonacci number Fn.
Fo= Fn—l + Fn—Z (Al, recursion formula)

gxperimentally,

Fplpn * 1F_|rn = Tip_ | ¥ %|F_|Fn (AA34-e)
Fralpn-1) * 3l _,IF(a-1) ¥ Fr2lr(n-2)
T RF _,IF(m-2) T TF |
*EF |, F(n-1)+F (n-2) (AR35-e)
Giving

21z |mn = 1Fplagecry * [Fplogmy = 1P, 181 posp(on)

n-1l®1p0 - an—lIBl,Fl+FO

o - )
* 15, pleops = 1F 5185 morw
+ L ]
e

* lFﬂa}Fn;Fn —lFllB]Fn],F(n-l)+F(n—2)

(AA36)
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Thus, for n = 6

* 50135 - 281 Fi14F0
3053 ~ 3By posma

3Py~ 283 p3+m2

576 ~ Bg,F5+FL (AA37)

And for F76’ the weight just below 1000,

n = 16 Fl6 = 987F16 + 2487716 (AA38, definition)

(AA39, recursion formula)

t
n

T+
16 = 15

29g7r16 = 98T21p(-1) * 98T my ~ 9878 moim(-1)
+ 6100y5, = 06108) py4pg

t 3TTogp3 = 3778 p34w2

w

t 20300p1y T 28377 ®134F12
%610F15 ~ Pg10,F1L+F13

®987716 ~ Bog7,m15+F14
(AALO)
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K. Calculation of Departure from Experimental Data.
Horizontal Approach. Combined Treatment
of All Representations of Each Weight in

Succession

In the two preceding sections, a method was developed
for handling the data obtained in a calibration coperation on
a vertical basis, that is, for a calibration operation
proceeding from the l-g. weight, Fl’ to the 987-g. weight,

F In this particular procedure, only two weights were

16°

used at each step, a procedure based on the fundamental
recursion formula Fn = Fn_l + Fn—2' The development was
made first for a set of Fibonacci weights having as the
smallest weight Fl’ and was made again for a set having as
the smallest weight F—l’ that 1s, for a set having three
1-g. weights.

In this process of passing from the smallest to the
largest weight, the departures in the small weights plus the
uncertainty inherent in each experimental measurement become
increasingly greatly magnified. Short of some considerable
amount of contrivance or sheer accident, the departure in
any given weight will have some real value, positive or
negative. The very objective of a calibration is to
determine the best value for each of these departures and
for the imputation (the set of departures), making the

latter not only as internally consistent as possible, but
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correct on an absolute basis (in terms of the weight taken
as standard).

The great magnification in the departures of the 1-g.
weights is shown, for example, in equation (LA40) for Fl6’
and the very limited number of representations for the 1l-g.
weights would appear to make the intercomparison of the
three 1l-g. weights, F(—l)’ Fl and F2, crucial indeed.
However, 1t 1s one of the most astonishing features of the
Fibonacci sequence of weights beginning with F—l that by the
time the calibration work has been completed through F16’
sixteen independent intercomparisons of these three 1l-g.
weights will have been made. This surprising feature
emerges from the following development together with the
observation that at any particular stage in the calibration,
the actual values of the departures of the lighter weights
need not be known. Only the experimentally measured terms
are carried forward. The departures of the lighter weights
can be calculated at any stage but this 1s not necessary for
the development and 1s reserved for one grand treatment when
the experimental work is finished.

In the following material, equations which are
repetitions of equations in the preceding section are

numbered the same, that is, with the prefix AA.
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n = -1 alF(—l) = zero, or some assigned value depending
on the value given the primary

Aol

standard weight, R

n =20 aOWO = zero; made zero by the act of zeroing the
balance.

n =1 There are two representations, F., and F_., as
shown in Figure XI-2. These lead to

two experimental equations, (AAb6-e)

and (AA7-e), which lead toc the final

eguation
81F1 T %1m(-1) t %1F1 T B1,Fo+m(-1) (A88)
no= 2 Fy = 1pp, + 215 (ARG, definition)

Experimentally, using the three representations

lpo + d1po = Tl + Gyps (AAll-e)
e *21m = T * By mi4wg (Rhl2-e)
Opg * 20mg * 1p(-1) * 2r-1y) T T

* By po+r(-1) (Bl-e)

Combination of equations (AAll-e) and (AAl2-e) and

introduction of equation (AA8) give

a1F2 T 31F(-1) T %F1 T By mo+F(-1)

- B (AAL1L)

T 1,F1+F0

1F2
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Combination of equations (A&All-e) and (Bl-e) gives

a1r2 = (1) T %2 T By mo+F(-1) (B2)

The experimental equations (AAll-e), (AAl2-e) and
(Bl-e) thus lead to two eguations for 21po- Combination of

equations (AAl2-e) and (Bl-e) gives another equation for

a1F1"

a1p1 © 21w(-1) t Bi,r1+r0 T Bi,mo+R(-1) (E3)
This carry back equation is the first of such equations
which characterize the subsequent development; because of

the nature of FO’ this equation 1s identical with equation

(AA8).

n =3 F3 = 2F3 + 2op3 (AA15, definition)

Experimentally, using the four representations

2F3 + 8yp3 = T2 + Gopsg (AA1T7-e)
o YAy tlpp YAy T T Y By povm (AA18-e)
ey T 2p Y lpeny tRar(-n) T D

* By mi+m(-1) (Bl-e)
tro T ewe tlpcly t ey T D

+ 8 (B5-¢)

2, F2+F(-1)
Combination of equations (AAl17-e) and (AA18-e) and

introduction of equations (AAl4) and (AA8) give



2op3 = 221m(-1) Y 2%p1 T 2By wo+m(-1)
%172 T B1 F14F0

T oops T By mosma (8420)

Combinaticn of equations (AAl7-e) and (Bli-e) gives

aor3 = 2171 T 21F(-1) t %ow3 T Bo Ri+4m(-1) (B6)
and introduction of equation (AA8) gives
2op3 = P81p(-1) T ®1m1 T B1 mos4F(-1)
+ -
%213 T B2 F14m(-1) (37
Combination of equations (LAl7-e) and (B5-e) gives
2or3 = 21w2 T a1p(oay T %p3 T Bo wo4r(-1) (58)
and introduction of equation (ALLL) gives
2op3 T 281p(o1) T 1wl T By, mo+m(-1)
T oimp ~ By mi4r0
+ (B9)

%op3 T B2 Fo+F(-1)
Equations (AAl17-e), (AAlB-e), (Bi-e), and (B5-e) thus
provide three independent checks on a2F3 (equations (AA20),
(B7), and (BS)). HMoreover, by elimination of T2 and of
a2F3, they provide independent checks on a1 g7 and a0
These are, in eiffect, measurements against a different tare

Thus, combination of equations (B5-e)

]

(T, = (2pg * a,p3)).
and (AA18-e) yields
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2171 T 21r(-1) T Bo,ro4r1 T B2 Fo4F(-1) (B10)
and combination of equations (Bid-e) and (ARL18-e) yields
2172 T Z1m(-1) T Bo,moeF1 T Bo,mi+m(-1) (B11)
n = i By, = 3F4 + a3ql (AA21, definition)
Experimentally, five representations
2 = T -
Spy * 2gmy = Tyt Ogpy (Ah23-¢)
} = T U
2p3 Tappy T olpy tagg, T To o+ By noipn (hh2h-e)
?p3 taopg * lpy tagp T Tyt By paipm (Cl-e)
2p3 T 2op3 * Iy tAim(-) T N3
+ -—
®3,F34F(-1) (Ca-e)
oo tagpp ¥ gy *ayp) *lpayy tapory) T T3
(C3-e)

T Y3 Fo4F1+F (-1)
Combination of equations (AA23-e), (AA2L-e), and (AA1L)

gives [basic recursion formula; two weights]:

33py = 321p(_1) T 3%1p1 ~ 3By mosm(-1)
* 201ps = 2By pi4wo
+ Q

or3 T B2, mo+F1

+ o (AL26)

3py ~ B3 p34F2
Combination of equations (AA23-e), (Cl-e), (AA20),

and (AA8) gives [additional; two weights]:



+ (CH)

%3pu = B3 p34ml
Combination of equations (AA23-e), (C2-e), and (AA20)
gives [additional; two weights]:

-~ —_

a3py T 381p(-1) T 2%m 1,F0+F1
T a1mp < By Fi+we
+

+ a (C5)

3F4 T P3,P3aE(-1)
Combination of equations (AA23-e), (C3-e), (AAB), and

(AA1L4) gives [all smaller weights; three weights]:

B3wy = 381p(_1) * 2%p1 T 2By po+m(-1)

1F2 " B1,mi+70

®3py T Y3,P2+F1+F(-1) (ce)

Thus, five data lead to four independent equations for

The Tive experimental measurements expressed by
equations (AA23-e), (AA24-e), (Cl-e), (C2-e), and (C3-e)
can also be used to obtain additional values for the
smaller welghts, Fl’ F2, and F3; these values are
independent of the earlier values inasmuch as the measure-

ments are made against a different tare (T3 - (3FM - a3FM)>'
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Combination of equations (Cl-e) and (C2-e) gives

21F1 T 217(-1) T B3 m34F1 T B3,734F(-1) (c7)
Combination of equations (AA24-e) and (C2~e) gives
a (C8)

1F2 ~ 217(-1) T B3,F3+F2 T 83,734 (-1)
Combinations of equations (AA2L-e), (C3-e), and (C7)

- B

2op3 = 21m(-1) t B3 m34r1 T P3,73+F(-1)

* B3 F34m2 T Y3,F24F14F(-1) (€9)
Recapitulating, the variocus egquations, including the

carry bvack eguations, are:

n = -1 alF(—1) = zero, or some assigned value.

n=20 a = zero; made zero by the act of zeroing

the balance.

n=1 2171 T 21p(-1) T %1F1 T B1,F0+F(-1) (£45)

&1p(-1) T B2,F2+F1 - B2,F2+F(—1) (B10)

(Carry back fromn = 3)

+ R. (CT7)

= a1p(-1) 3,F3+F1 ~ B3,F3+F(-1)

(from n = 4)

21m(-1) T Y5,mu+F2+F1 T V5,FL+F1+F(-1)(C22)

(fromn = 5)



g1F(-1)

&1F(-1)
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- R
%1F1 T "1,F0+F(-1)
- .
%172 T 81, F1+F0 (AALE)
%1r2 = B1,F0+F(-1) (82)
(B11)

32:F2+F1 - 82,F1+F(—l>

#3,F3+F2 7 P3,F3+F(-1) (c8)
(from n = 4)
Y -y (cab)

1F1 ~ 281, m04F(-1)

%r2 = By mi+F0

23 T Fo ro+wl (R220)

%171 = B1,Fo+F(-1)

%2r3 T B2,F14F(-1) (B7)
%171 ~ B1 mo+m(-1)
% g2 = B1,F14F0
%oF3 T B2 F2+F(-1) (89)
%3 F3+F1 ~ B3,F34F(-1)

(c9)

*3,F3+F2 T Y3,F2+F1+F(-1)

(from n = 4)
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n = L &3py = See preceding section, equations (AA26),
(C4), (C5) and (C6) for the four

independent ecuations.

At the time this dissertation was written, work on

n = 5 was proceeding.
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XII. SUMMARY

The history of recent work on the faraday., the funda-
mental constant interconnecting chemistry and electricity,
has been reviewed and a tabulation of recent values for the
faraday has been made. Emphasis has been placed on the
continuing discrepancy between values obtained by direct
electrochemical experimentation and by calculation from
other physical data. Although the assumption of 100.0000
pver cent current efficiency during electrolysis has been
called into question by the work of Palit, the greatest
source oI error causing the discrepancy has been attributed
To the measurement of mass, a measurement which must be made
in such work on an absolute basis.

The principal problems encountered in measuring mass

with an uncertainty less than one part per million have been

identified as residing in: (1) the determination of the
density of a solid (object weighed and weights), a measure-

ment fraught with surprising difficulties even at the one
part per thousand level; (2) the correction for the
buoyancy of air on object weighed and weights; in turn
dependent on (3) the density of air, again a surprisingly
difficult measurement; (4) the calibration of weights, in
turn dependent on the transfer of mass from the standard,

platinum-iridium kilogram to stainless steel working

'
-
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kilograms and the subdivislion of the kilogram into the
smaller lavoratory weights as afifected by the correction for

buoyancy and for surface effects.
B. Chepter II

The procedures for the determination of the density of
a solid have been examined in detail. A review has been
made ol the various methods used and of the widely varying
results obtained for the density of 4-aminopyridine, a
primary chemical used in the evaluatlion of the faraday.
The source of these variations has been traced to the
presence in the crystals of long, tubular, cavities, some
running the length of the crystals. A method of circum-
venting the troublesome effects of these cavities, the
fusion of the L-aminopyridine under mild pressure in an
inert gas, has been proposed. Variations of three parts
per thousand have been found in the densities of various
lots of a stainless steel, Carpenter 20CB3, a corrosion-
resistant alloy proposed for the construction of high-
precision welghts. Reasons for the variations have been

advanced and the conclusion emphasized that the densi

4
1%

y of

each welght In a set must be determined individually.
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C. Chapter III

The correction for the buoyancy of air on object being
welghed and weights during a weilghing has been examined
exhaustively, first theoretically and then experimentally,
by two approaches: the invention of an absolute density
cylinder for the direct measurement of the density of air
and by calculation from high-precision measurements of the
barometric pressure and temperature and gravimetric determi-
nation of the water and carbon dioxide content of the air.

A survey has been made of the use of sealed, hollow
vessels, known as Baxter's Globes, for the determination of
the density of air (a continuation essentially of material
presented in my thesis for the degree Master of Science).
While the devices used to date have yielded values agreeing
to about one part per thousand with values calculated from
the prevailing conditions, none have offered a check on the
conformity of moist air to the gas laws inasmuch as the
calibration involves an air of known density, that is, a
density calculated from the prevailing conditions and thus
based on the assumptions that the moist air conforms to the
gas laws and that the composition of the atmosphere is
constant. The characteristics of an ideal Baxter's globe
have been listed and such a vessel, in the form of a hollow,
perfect right cylinder of stainless steel and called an

absolute density cylinder, has been devised and fabricated.
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The way to obtain the density of this hollow vessel without
reference to an air of known density has been shown.

The mathematical equations for calculating the
correction for buoyancy and for calculating the density of
gir from the prevailing conditions have been differentiated
and the various coeffilclents relating the change in density
tc changes in the individual variables evaluated. For an
uncertainty in the density of air of one part per thousand,
the corresponding, permissible variation has been calculated
for the measurements of barometric pressure, temperature,
vapor pressure cof water, and relative humidity. The
conditions in the laboratory and the devices to measure the
prevalling condlitions have been appraised in light of these
permissible uncertainties and these findings have been used
in arriving at decisions regarding improvements in the
leboratery and in the measuring devices.

Preliminary experience with an absolute density
cylinder, measurements being made at different elevations
(Ames, 950 ft.; Boulder, 6600 ft.; Laramie 6700 ft.) has
shown that: (1) the normal, in-house and high-grade,
traveling, anercidé barometers are very temperature dependent;
(2) that 0.1°-thermometers, even when calibrated, at best
are not adequate; (3) that fluctuations in the temperature
within a balance case, even though the balance be carefully

mounted and protected, renders preclision weighings about
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impossible; and (4) that adequate knowledge of the water
content and, of course, of the carbon dioxide content of an
atmosphere can only be obtained by chemical analysis. &n
extensive program has been mounted, aimed at obtaining an
absolute value for the density of air with an uncertainty
less than four parts per 10,000, the principal steps being
to surmount the defects in each of the individual measure-

ments involved.

D. Chapter IV

A walk-in constant temperature box, 10 ft. by 5 ft. in
floor area and 8 ft. tall, has been constructed to house
palances, barometer, cathetometer, gas pipet, absorption
tubes, and other gear. The temperature within this box was
held within #0.075°, the box itself being located within a
constant temperature room (Room 137A Chemistry Hall) held
within #1°. The temperature within the constant temperature
vox was held uniform by a continual circulation of air
through duct work and by the presence in the box of heat
sinks in the form of some 100 gallons of water and some
2600 pounds of concrete (the supporting piers for the
instruments). The incoming air was warmed by
electric heaters in the duct work as measured by thermistors
and controlled electronically. The temperature at sulitable

places within the box was measured by platinum resistance
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thermometers. A source of heat, 123 watts, closely equal to
the body heat of the operator, was operated continually
except when the operator was present.

Piers for the instruments have been built of alter-
nating layers of concrete block (treated to eliminate
dusting) and sheets of plastic foam, thus providing firm and
loose coupling needed to eliminate vibrations. The piers
rested on concrete slabs poured on the original, poured-and-
reinforced concrete flooring of the building and located
close to an outside wall of the building. The piers, and
instruments, were Isolated physically from the asphalt floor
of the building and from all elements of the constant
temperature box. No vibration was observed on these piers
from local or distant (railroad train) traffic,

Temperature within the constant temperature box and
within the balance case, both in the compartment enclosing
the van and that enclosing the beam, have been measured with
platinum resistance thermometers. These Instruments have
been calibrated by Mr. Anderson and Professor Swenson of the
Department of Physics against standards calibrated at the
National Bureau of Standards. The instrumentation, circuit,
constant current sources, and White double potentiometer,
necessary to make the measurements have been described.

A Fortin-type barometer with two large-bore, glass,

verctical tubes and a large cistern, 12 in. in diameter, has
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been constructed. With this btarometer, the pressure of the
atmosphere in the constant temperature box has been measured
accurately. The height of the mercury column in this
bzrometer was measured with a Wild Heerbrugg cathetometer
working in conjunction with a micrometer used to measure
changes in the height of the mercury in the cistern. The
space above the mercury in the closed tube of this barometer
was evacuated with an oil pump (the barometer being
protected from oil from the pump by a liquid air trap) and
the gas pressure in this space was measured with a thermo-
couple pressure gauge.

Readings of barometric pressure made with this instru-
ment have been corrected for (a) the expansion of the glass
scale of the cathetometer from the temperature, 20°, at
which it was calibrated, (b) reduction of the height of the
mercury column at 0°, and (c) conversion of the height of
the mercury column from the local acceleration of gravity,
980,292.96 mgal., to standard gravity (45° longitude and sea
level), 980,665 mgal.

A dry, gas pipet has been designed, built, and used for
measuring the volume of a large sample of gas, about
3000 cm.3, with an accuracy of 4 parts per 10,000, This was
a piston-cylinder device with a precision-bored cylinder and
provision for measuring the displacement of the piston of

0.001 in. Leakage under moderate pressure has been
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eliminated by the use of O-rings on the piston and the
design was such that the face of the piston was maintained
perfectly perpendicular to the axis of the cylinder. The
piston was screw-driven by a variable-speed, reversible
electric motor so that the sample of zas could be drawn in

r expelled at any convenlent rate. The gas pipet has been
used in conjunction with dry absorbents, anhydrous magnesium
perchlorate and Ascarite, for the high-precision determi-
nation of water and of carbon dioxide in the atmosphere
inside the case of a balance.

A bench mark, a stainless steel plate anchored in the
floor, has been established in Room 137A Chemistry Hall,
Iowa State University. The elevation of this bench mark has
peen determined by first~order leveling to be 291.533 m.
above mean sea level, the standard error in this value being
estimated to be 2 mm. The presence through central Iowa of
the Midcontinent Gravity Anomaly and the location of Ames
on the adjacent low-gravity band make the usﬁal calculation

the local acceleration of gravity from latitude and

Hy

o

altitude inaccurate. The knowledge of the altitude of
Room 137A and of the pans of balances on the pier in this
room may, however, prove of interest in some future work.
The acceleration of gravity at the bench mark in the
floor of Room 137A and at the level of the pans of balances

mounted on the pler in the constant temperature box has been
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determined with a Worden Gravity Meter and related to the
Towa Gravity Base Station Network and thus to the

U. S. National Base Net at Station Minneapolis. The
following values have been obtained: Bench Mark 1374,

980,293.38 mgal.; top of balance pier, 980,292.96 mgal.
E. Chapter V

Three Mettler, single-pan balances, covering different
ranges, have been acguired, modified, and mounted on
specially built piers in a constant temperature room. These
balances were respectively: a Mettler Model H315 Kilogram
Balance, capacity 1 kg., optical readout 1 g. in 10,000
divisions of 0.1 mg.; a Mettler lModel H51AR Semimicro-
balance, capacity 160 g., optical readout 0.1 g. in 10,000
scale divisions of 10 pg.; a Mettler Model M5/SA, capacity
20 g., optical readout 10 mg. in 10,000 divisions of 1 ug.

The capacity of the kilogram balance has been increased
0y the installation of additicnal stalnless steel counter-
welghts, bringing the capacity of 1164 g. so as to accommo-
date a kilogram weight plus a stainless steel vacuum
weighing bottle.

The sensitivity of the kilogram balance has been greatly
increased by the installation of a new, much heavier, sensi-
tivity nut. At a sensitivity of 3 ug. per optical scale

division, the zero-point has been found subject to
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unexplainable, erratic fluctuations and the final sensitivity
chosen for routine work was 6.5 ug. per division. A
technigue for calibrating the optical scale at the increased
sensitivity has been developed. Similar modifications have
been made to the semimicrobalance, final sensitivity being
3.0 ug. per optical scale division.

The taring mechanism of the kilogram balance, and of
the semimicropalance, supplied by the manufacturer has been
removed and a further improvement iIn the reproducibility of
the zero-point obtained.

Experience has shown that the Mettler single-pan balance
at increased sensitivity tends to behave erratically and this
behavior has been traced to electrostatic effécts. The
construction of the balances makes them in effect sensitive
electrometers, responding, for example, to charges induced

"

by the mere presence of a human body four feet away. These

)

effects have been eliminated by enclosing the balances in an
electrically~-grounded metal shell, by electrically grounding
the operator and nearby persons, by installing a grounded
wire screen to cover all glass walls, by penetrating the
enamel finish and grounding all metal walls, by placing
inside the lower and upper chambers uranium compounds in
open plastic tubes, by placing fine points (sewing needles)
on the electrically insulated parts (pan, stirrup, yoke and

beam) of the balancé, and by installing grounded brush wires
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by which the insulated, moving parts, which cannot be
permanently grounded, could be touched lightly and momen-
tarily for the removal of electrostatic charge.

The kilogram balance has been Iurther modified by the
installation on the beam release handle of a stop sc that
the beam could be partially arrested without removing the
knife edges from the plates; in this position the beam was
held firmly enough to permit change in the load on the pan
put the exact positioning of the knife edges on the plates
not altered during a segquence of weighings.

The Mettler balances have been further modified by
removing the electric transformers used to power the lamps
which illuminate the optical readout scale from the balance
case, The lamp housing also was rebullt to place it farther
from the balance case and to provide several layers of heat
insulation and infrared-absorbing glass between lamp and
Dalance case. In these ways, operation of the lamp has been

made to have no effect on the temperature within the balance

and on the zero-point.
F. Chapter VI

A hollow cylinder of stalinless steel has been made in
the shape of a perfect right cylinder, The external volume
of this cylinder has been calculated from precise measure-

N

ments of the dimensions. The mass of this cylinder has been



293

determined in an actual vacuum. Thus, the density of the
cylinder has been obtained directly from the physical
measurements. The density of air has been obtained by
weighing this cylinder in air and combining this mass with
the density of the cylinder. The method has been further
improved by preparing a solld counterweight, a tube of
stainless steel, having the same mass and the same surface

area and handling it in the same manner and simultaneously

ct

with the cylinder: surface moisture effects have thus been
eliminated. Because a prior knowledge of the density of air
1s not involved in determining either the mass or the volume
of the cylinder or the counterweight, this cylinder is
referred to as an absolute density cylinder.

The cylinder was constructed of thin-walled (0.001 in.)
stainless steel tubing, the ends closed with caps of stain-
less steel sealed into place by electron beam welding. When
finished, the cylinder was highly polished, was 1 in. in
diameter and 2.5 in. in length, and was only 17 g. in mass
so that it could be weighed accurately on the microbalance.
Three such absolute density cylinders were made.

The diameter and length of each of the three cylinders
have been measured precisely on an optical comparator cali-
brated against gage blocks. The uncertainty in the volume
calculated for each of the cylinders, close to one part per

thousand, although just sufficiently good to enable a
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measurement of the density of air with sufficient accuracy
to permit a correction for buoyancy to be made to one part
per million, was still considered. unacceptably large. The
major source of the uncertainty was traced to minor dents

and scratches in the thin-walled tubing used.

An adjustable lapping block has been devised by which
two of the cylinders have been lapped to remove surface
imperfections. This device consisted of a block of brass
bored lengthwise and slotted lengthwise from the outside
into the pore. By suitably placed bolts, the width of the
slot, and thus the diameter of the bore, could be changed.
The block was placed around the cylinder to be lapped, the
cylinder turned slowly in a lathe, and a suspension of
grinding compound fed into the block. As the cylinder
turned, the block was moved back and forth and the diameter

the bore of the lapping block cccasionally reduced.

-y

o
Absolute density cylinders Number 2 and Number 3 have been
so polished. Repetition of the measurements of diameter and
length has shown that improvement in the physical
characteristics resulted, the uncertainty (standard
deviation) in the volume being reduced by half.
Unfortunately, the strains relieved or produced during the

lapping caused cracks in the weld and both cylinders were

rendered useless.
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Measurement of the dimensions of absolute density
cylinder Number 1 (no lapping) has been repeated in another
shop with another set of gage blocks. The agreement between
the volumes calculated was good (31.769,8 cm.3 and
31.784,4 cm.3; difference, U43.2 parts per 100,000) and the
uncertainties (standard deviations) at the same level,

98 parts in 100,000. The volume of the cylinder has also
been determined by hydrostatic weighing, in water (three
determinations) and in the completely fluorinated hydro-
carbon FC-75 (four determinations). The values for the
volumes (water, 31.778,6 cm.3; FC-75, 31.777,8 cm.3) agree
closely and the average of the two departed from the average
obtained from the dimensions by 3.46 parts in 100,000. The
precision of the hydrostatic measurements, however, was
conslderably better, the uncertainties (standard deviations)
being 4.4 parts per 100,000 for the measurements in water
and 1.6 parts in 100,000 for those in FC-75. It has been
concluded that the best value for the volume of absolute
density cylinder Number 1 is 31.778,2 cm.3 at 22.5°.

A counterweight has been Tabricated to match absolute
density cylinder Number 1 iIn both mass and surface area,
the latter characteristic being built in so that effects of
changes ‘in adsorbed water with changing humidity would
affect both objects alike. The counterweight has been made

of stainless steel in the form of a tube. The counterweight
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has been subjected to the same sets of measurements as was
the cylinder: two independent sets of measurements of the
length and internal and external diameters, hydrostatic
weighing in water, and hydrostatic weighing in FC-75. The
volumes obtained and the uncertainty (standard deviation in
parts per 100,000) were: from the dimensions (ISU),
2.080,91 em.> (227); from the dimensions (Hach), 2.092,47
em. 3 (63); by hydrostatic weighing in water, 2.102,4 em. 3
(36); by hydrostatic weighing in FC-75, 2.101,9 cm.3 (2.8).
It has been concluded that the best value for the volume of

3

the tubular counterweight was 2.102,2 cm,”.
G. Chapter VII

A vacuum weighing bottle has been invented by which the
mass ("true mass", "mass in vacuum') of an object can be

measured in an actual vacuum. The vacuum welghing bottle

O]
0n

consists of a hollow, thin-walled cylinder of stainie
steel closed permanently at one end. The other end 1is
closed by a cap which bears on an O-ring carried in a groove
on a flange on the end of the cylinder. The cap carries a
vacuum valve and a fitting for attachment tc a vacuum line.
The weighing bottle 1s evacuated and welghed, then opened
and an object inserted, then again evacuated and again
weighed. The buoyant force of air on the bottle beilng the

same during each weighing, the difference in the observed
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masses gives the mass of the object. Adsorbed moisture and
other volatile materials are removed from the surface of the
coject during the evacuation.

By means of the vacuum weighing bottle, the masses of
nollow, absolute density cylinder Number 1 and its solid,
tubular counterweight have been determined in an actual
vacuum. The uncertainty in the difference between the two
objects, 0.033.19 g., is estimated to be three pvarts in
10,000.

A second vacuum weighing bottle, larger in size to
accommodate a kilogram mass of stainless steel, has also

been fabricated.
H. Chapter VIII

A series of measurements of the density of air have been
made by welghing hollow, stainless steel cylinder Number 1
and 1ts counterweight of equal area and mass; simultaneously,
measuremnents of the prevailing conditions of barometric
pressure, temperature, and relative humidity have been made
and the density of air obtained by calculation. Nine sets of
such measurements have been made during a seventeen day
period, August 6 to 22, 1979, during which time the baro-
metric pressure and the density fell, rose, remained steady,
and again fell. The value for the density obtained from the

cylinder and counterwelght was always higher than that by
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calculation and during the period, the difference between the
values became steadily greater, rising from 0.002,8 g./liter
to 0.005,0 g./liter. This change was not correlated with
changing barometric pressure; it might have resulted from a
change in the response of the hygrometer or from the failure
to measure the carbon dioxide content of the air. On two
days, at the end of the period, water and the carbon dioxide
content were also measured gravimetrically; the difference
was the same on these two days, 0.003,8 g./liter, and on each
day lower than the differences obtained when the gravimetric
analyses were not taken into consideration (0.004,5 and
0.005,0 g./1liter).

The uncertainty in the density as determined by the
cylinder and counterwelght has been placed at 0.3 parts per
Thousand and the discrepancy Jjust reported, 3.4 parts per
thousand, is thus ten times greater. A search has been made
for scurces of errors in the measurements leading to these
differing values for the density of air and it has been
concluded, because of the great care exercised in obtaining
each measurement, that the difference 1s real.

Several explanations for the difference in densities
found have been considered: nonconformity of moist air to
the gas laws; an error in the gas constant; variations in the
composition of air; and an error in the composition (fixed

oxygen content) assumed for the atmosphere in calculating a
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molecular weight for air. The first two of these considera-
tions have been ruled out by the very careful and painstaking
character of the work which has gone into evaluating the
physical properties of oxygen and through them to the gas
constant. It has been concluded that variation in the
composition of the atmosphere offers the most reasonable
explanation and in particular a variation in the oxygen
content. However, the variation in oxygen content necessary
to change the density of air by 3.4 parts per thousand is so
large, some 1.5 per cent oxygen, that it appears highly
unlikely that varilation in oxygen content is solely
responsible.

Because the observed discrepancy between the density of
ailr obtained by the two methods is considered real, it has
been recommended that in the precise nmeasurement of mass the
buoyancy correction be calculated using a density for air
obtained by weighing a holliow cylinder and counterpoise such

as those described in this dissertation.

I. Chapter IX

A survey of the lifterature dealing with the oxygen
content of the atmosphere has been made, with special
scrutiny directed at the methods for the determination of
oxygen. It has been concluded that the best method of

analysis, and probably the best values for the oxygen content
y s g
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T the atmosphere cver the northern hemisphere, 1s that of

~
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Regnault, done in the period of 1847 to 1852. Regnault

b

perfected and employed, for the analysis of the numerous

[

mpies brought To Paris by international travelers, the

n
v

herently free from the
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wydrogen eudiometer, a method i
errors which affect The 1liguid absorbent and other methods
employed by workers of the twentieth century. The best value
for The oxygen content of the atmosphere is probably the
Regnault average of 20.96 per cent with an uncertainty (one

6]

standard deviation) of 0.02 per cent oxygen. a Figure with

cut for which the uncertainties are undoubtedly greater. It
has been concluded further that the results reported for the

cr

oxygen content of the atmosphere to 0.000,1 per cent oxygen

are ridiculous, that the widely adopted value of 20.%946 per
cent oxygen stretches too far, and that the use of this
value, and reliance on it to 0.001 per cent oxygen, has been
unrealistic ana imprudent. t has been concluded further
that the variations with geogrephical origin, values as low
as 20.3 per cent oxygen (Regnault on samples from the

Yediterranean, Lockhart and Court from the Antarctic) are

implication, skepticism should be

[*2
&g

inceed fact and that,
shown toward the current practice in atmospheric physics of
assuming the oxygen content of the atmosphers is ¢ fixed

value and one of the physical constants of nature.



A new, gravimetric method has been proposed for the
determination of the oxygen content of the atmosphere, making
use of the high-precision, dry, gas pipet developed in the
present work and of the 3000 cm.3 sample of dry and carbon
dioxide-free air left over from the determination of water
and carbon dioxide in the atmosphere in the balance case.

The idea 1s to absorb the oxygen on hot copper, to then
reduce the copper oxide in a stream of hydrogen, and to
collect and weigh the water produced. The method uses a very
large sample, is free of the troubles common to liquid

absorbents, and should prove good to a few parts in 60,000.
J. Chapter X

The present arrangements for the maintenance of standards
of mass have been reviewed and possible sources of uncertainty
at the parts per million level in the existing system, in the
dissemination (subdivision of the standard kilogram), and in
the actual measurement of mass have been identified. It has

been concluded that at present, measurement of mass cannot be

y less than five

ain

made with an uncer arts per million.

ct
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It is believed that the hollcw, stainless steel cylinder
devised for the determination of the density of alr, described
earlier in this dissertation, offers a solution to the
principal problem, the correction for buoyancy, but that other

serious problems remain. These problems revolve around such
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uestions as: the density of the platinum standards, the

K2

1lity of the surfaces of these and other secondary

',_h

tab

2]

standard welghts toward cleaning, the extent of the adsorp-
tion of water and other gases on the surfaces, and the
variabllity of these adsorption with changing atmospheric
conditions. The conclusion has been reached that a
completely new approach to the mass problem should be taken.

It has been proposed to make a set of weights of a
corrosicn-resistant stainiess sfteel; to give the weights a
surface treatment which renders the surface essentially non-
polar in character and reproducible on cleaning by vapor
degreasing; to calibrate this set, making the weighings in the
vacuum weighing bottle described earlier in this dissertation;
and then to relate the new set of weights through a new
stainless steel kilogram weight to the International Kilogranmn.
It has been decided to fabricate the new set of weights on
the basis of the Fibonacci serilies. A start has been made in
the fabrication of such a set of weights.

A highly corrosion-resistant stainless steel, stabilized
by niobium, Carpenter 20CB3, has been selected for the fabri-
catlon of this set of weights.

Various lots of Carpenter 20CB3, in the form of rods of
varying diameter, have been obtalned. The density of each
lot has been determined, and discs of the rods cut, rolled to

plates and sheets, and drawn into wire have been used for the

fabrication of the weights.



Blanks for the various weights have been cut and
machined, weights 1 g. through 34 g. being made flat, and
weights 55 g. through 987 g., and four 1000-g. weights, being
in the form of cylinders.

The flat surfaces of these weights have been polished on
a Syntron Lapping-Polishing Machine using aluminum oxide
polishing powders. Kolders have been designed so that the
edges of the flat weights can also be polished.

The cylindrical surfaces of the larger weights have been
polished on a cylindrical-surface polishing machine, designed
and bullt especially for this work. The cylinder being
polished is rotated on a horizontal axis while partially
submerged in a suspension of aluminum oxide polishing powder
in water and the polishing effected by a rotating buffing
wheel which sweeps back and forth across the cylinder.

Highly polished pieces for the welghts have now been
prepared, a few approaching the desired (nominal) values in

mass. Surface treatment and the calibration have not yet

been started.

K. Chapter XI

Of the various sequences of numbers which can be used as
the basis for a set of weights, the Fibonacci sequence has
been selected because 1t offers an opportunity to bulld up an

extensive network of cross checks in a calibration operation,



that is, in relating the masses of the smaller weights to the
larger and to some arbitrary standard.

A plan has been developed for the calibration of a set
of Flbonaccl weights using for the experimental measurements
the Mettler single-pan balances and taking advantage of the
method of weighing, weighing by substitution, on which these
balances operate. The overall callbration plan has been
presented in the form of flow sheets.

A mathematical treatment has been made of the data
cbtained in the calibration of a set of Fibonaccl weights
teking advantage of the existing. extensive literature of the
Fibonaccl mathematics, particularly of the sub-fields of
identity, summation, and representation. Because the
Fibonacci mathematics deals with integral numbers but, in the
calibration of the set of weights, concern is principally
with the deviations from integral values, it has been
necessary to superimpose on the commonly used Fibonacci
nomenclature and symbolism a new symbolism whereby each
Fibonacci number {weight) is handled as the sum of two terms,
an tntegral value and a departure. This lends itself
admirably to the data of weighings by substitution, for the
integral values cancel and the body of the final picture
develops as a neat package in terms of the departures and
values obtained experimentally, the experimental values

(weighings) appearing in reverse Fibonaccil order.
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Because of certaln characteristics in the summation laws
of Fibonacci numbers, it has been found advantageous for the
experimental work to incorporate a third one-gram weight
(designated "Fibonacci minus one'") into the set, so that the
set 1s composed of the weights (name and (integral value in

grams)): F_, (1), FO (0, the zeroing operation), Fl (1),

<

b

, (1), Fy (2), Fy (3), Fg (5), Fg (8), F, (13), Fy (21),
Fg (34), Fio (55), Fll (89), F12 (144, Pl3 (233), Fl& (377),
FlS (610), F16 (987), ISU-1000 (1000). Together with the
1000-g. weight, the set consists of eighteen weights in all,.
The mathematical treatment has been made thorough in
that i1t treats all of the representations (cross checks)
theoretically possible. A remarkable feature has emerged
from the development in that in the overall body of the final

eguations, there are as many independent evaluations of the

departures for the smaller weights as are obtained for the

larger weights.
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Figure XI-1. Representations of Fibonacci numbers by

an increasing number of smaller Fibonacci

numbers. Normal Fibonacci sequence

Note 1. The symbolism on this line (general
formulations) has been changed from the
new symbolism to the simple Fibonacci

name in the interest of saving space.

(The text dealing with this table appears in

the dissertation at page 246.)
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